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Abstract

In this paper, a gradient-based framework for maximum a pos-
teriori (MAP) estimation of hidden Markov models (HMM)
is presented. The two new algorithm makes no assumption
about the form of the prior distribution used in MAP estimation.
The algorithms are tested using the South African SUNSpeech
database. Improvements of up to 10.2% in relative error rate
(over ML training) on the test set is achieved.

1. Introduction

Traditionally, maximum likelihood (ML) estimation has been
used to estimate hidden Markov model (HMM) parameters.
However, the ML procedure gives inaccurate estimates for
sparse training data scenarios. Maximum a posteriori (MAP)
estimation of continuous density hidden Markov models has
gained much attention for such sparse data problems. MAP es-
timation has been used with much success in various applica-
tions, such as parameter smoothing, speaker adaptation, dialect
adaptation and cross-language adaptation.

Lee et al. [1] introduced a MAP algorithm, where the pa-
rameters of multivariate Gaussian state observation densities of
HMM models were adapted for speaker adaptation. Gauvain
and Lee [2] extended the MAP formulation for HMMs to handle
parameters of mixtures of Gaussian densities. Gauvain and Lee
[3] later presented a theoretical framework for MAP estimation
for HMMs with Gaussian mixture state densities, where they
proposed using an expectation-maximization (EM) approach to
finding the MAP estimate. In their work, the MAP formulation
was also extended to include the estimation of the transition
probabilities and initial state probabilities.

In this work, we are primarily interested in the usage of
the MAP estimation algorithm for adaptation purposes as op-
posed to applications such as parameter smoothing and correc-
tive training. Model adaptation is a process for adjusting seed
models to create more specialized models using a small amount
of adaptation data.

The standard maximum a-posteriori (MAP) adaptation pro-
cedure of Gauvain and Lee [3] makes assumptions about the
form of the prior probability distribution used. This can be a
problem when the prior is relatively complex. A new gradient-
based MAP adaptation algorithm is therefore proposed. This
adaptation algorithm makes no assumptions about the form of
the prior distribution used.

We use the the South African SUNSpeech phonetic
database [4] (in a language adaptation experiment) to evaluate
the gradient-based MAP algorithms and the MAP algorithm of
Gauvain and Lee [3]. We have attempted to keep our notation
as close to that of Rabiner and Juang [5] as possible.

The organization of this paper is as follows. Section 2 sum-
marizes the relevant Bayesian theory. The choice of prior distri-

bution is discussed in Section 3. A new gradient-based method
of obtaining the MAP estimate is described in Section 4. The
two methods are experimentally compared in Section 5. Finally,
we summarize results and conclude in Section 6.

2. Bayesian theory

This section summarizes the pertinent Bayesian theory used in
this article. For a more complete introductory text on Bayesian
statistics, the reader is referred to Box and Tiao [6] and DeGroot
[7]. The theory and discussions in this section will be biased to-
wards speech recognition applications of Bayesian adaptation.

2.1. Bayes theorem

Given a vector y = (yu, ... , yn) of n observations, with prob-
ability distribution P(y|6#), which depends on the k parame-
ters@” = (61, ... ,0;) with probability distribution P(6), then
given the observed data y, the conditional distribution of 6 is
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The denominator in Eq. (1), P(y), is a normalizing factor,
which ensures that the integral of P(6|y) is equal to one.
Equation (1) is referred to as Bayes’ theorem. The distribu-
tion P(#), is called the prior distribution and expresses what is
known about the model parameters before any data is observed.
The posterior distribution P(6|y), tells us what is known about
the model parameters, given that data has been observed. The
distribution P(y|6) is often referred to as the data likelihood
and can be written L(f]y).

2.2. Sequential nature of Bayes' theorem

If we assume that the observations are independent, then we can
write Bayes’ theorem as follows
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Equation (4) is exactly the same as Eq. (2), ex-
cept that P(|y1,...,yx), the posterior distribution of @
given yi,...,yr, now acts as the prior distribution for



Yk+1s--. ,Yn. Bayes’ theorem, therefore describes the pro-
cess of learning as data becomes available. We can therefore,
as Eq. (4) suggests, compute the posterior for a given set of
data and then use that posterior as a “prior” when more data
becomes available. This result is of utmost importance to the
MAP algorithm proposed in this article.

2.3. Bayesian learning and prediction

The result of Bayesian learning is a probability distribution
(posterior) which expresses our beliefs of how likely individual
parameter values are. In a Bayesian approach to HMM param-
eter estimation and speech recognition, the objective is to find a
predictive distribution for an unknown utterance, given the ut-
terance observations, as well as the training observations. Let
the observation sequence for the ith example be written as O;.
For n training examples O = (Oy, ..., 0y), when we wish
to classify an unknown observation, we choose the class which
maximizes the following probability:
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where 7 is the class and Oy ninown 1S the unknown obser-
vation sequence.

2.4. Maximum a-posteriori probability estimate

Assuming the posterior is sufficiently peaked around the most
probable point (6ar4p), we can approximate Eq. (5) as

P(Ounknown|017 e 7071) ~ P(Ounknown|9MAP)7 (6)

where 87 4 p is the Maximum a-posteriori (MAP) estimate
of the parameter vector 6.

The MAP point is the set of parameters that maximize Eq.
(1), or

Orvap = argmazP(0|01,...,0,)
6

U]
= argmaz|P(O1,...,0,|0)P(0)|.
6
If we had no prior knowledge about 6, then we would
choose a non-informative (improper) prior to be used in Eq. (7),
i.e., P(6) = constant. Equation (7) then reduces to the normal
maximum likelihood (ML) formulation.

3. Prior distributions

In this section, the choice of the prior density family is dis-
cussed. The prior distribution is an important part of any
Bayesian method, as it expresses our knowledge about the dis-
tributions prior to any data being observed. It is especially im-
portant when there is little data available.

In the context of HMM’s, prior distributions must be chosen
for the following parameters:

o transition probabilities a;;,
o mixture weights Cj,

o Gaussian means p;, and
o Gaussian variances ;.

Conjugate prior distributions have been chosen in this work,
not only because of the convenient relationship between prior
and posterior, but also due to their usage in the literature.

The prior distribution for all the parameters of the Gaus-
sian mixtures of the HMMs is chosen to be a normal-Wishart
distribution, where the conditional of p (mean) and R (preci-
sion matrix, with R = X~') are given as follows: The con-
ditional distribution of x (when R = r), is a multivariate nor-
mal distribution with mean vector m and precision matrix vr
for m € R and v > 0. The marginal distribution of R is a
Wishart distribution with « degrees of freedom and precision
matrix 7. The priors for the transition probabilities and Gaus-
sian mixture weights are chosen to be Dirichlet distributions.

4. Gradient based MAP

The MAP estimation method proposed by Gauvain and Lee [3],
assumes that the prior used is of a specific form. This is po-
tentially a limiting factor in the performance of that MAP al-
gorithm. In this section a gradient based MAP estimation al-
gorithm is developed which does not make assumptions about
the form of the prior distribution. This algorithm will, so as to
prevent confusion, be referred to as the GMAP algorithm.

The above statement is not entirely true, as a prior of fixed
form is used. It is, however, a non-informative prior which is
used in the calculation of the new prior, which in turn is then
used in the adaptation process. Though, if true prior knowl-
edge about the model or system is available, it can be expressed
through this parametric prior.

In the proposed algorithm, the prior will not be estimated
at all, but will be implicitly included in the update procedure.
It will, however, be far more computationally expensive than
the regular MAP algorithm. We believe that improved perfor-
mance will offset the extra computational difficulties for certain
tasks. This adaptation algorithm will probably not find a place
in rapid adaptation needed in some speaker adaptation tasks. It
should, however, be more than useful in tasks such as cross-
language adaptation and some speaker adaptation tasks where
training time is not critical.

Empirical Bayesian methods [8, 9] or the simpler method of
estimating the prior proposed by Gauvain and Lee [3] are typ-
ically used to estimate the parametric prior distribution used in
the standard MAP approach [3]. Neither of these two methods
results in a prior which becomes more peaked as the amount of
observed data increases. This is a potential problem, as it does
not account for the fact that some HMMs (or states or mixtures)
will have been observed more often than others. However, the
two methods could potentially help the algorithm when there is
a reasonable mismatch between prior data and the task specific
data.

The sequential nature of Bayes’ theorem can be used to de-
termine the MAP estimate by using the posterior of the prior
data as the prior distribution (Eg. (4)). However, there will
typically be more prior data than adaptation data, and the prior
distribution will therefore tend to dominate in the calculation
of the posterior using Eq. (4). Any reasonable mismatch be-
tween the prior data and task-specific data will also tend to be
a problem. These problems can, however, be addressed by sim-
ply weighing the prior distribution (posterior of previously ob-
served data) with a value which is a function of the mismatch
(a-priori knowledge/belief) and the amount of prior and adap-
tation data.

Referring to Eq. (3), the first part in square brackets is the
posterior of a set of data (1. . . k) and is used as the prior for the



remainder of the data. The posterior of this reference or “prior”
set, used as the prior in the adaptation framework will tend to
dominate Eq. (3) when there are more training examples than
adaptation examples (i.e. when k > n — k). MAP adaptation
is typically used in situations where this will occur. It therefore
makes sense to weigh the “prior” in some way so as to ensure
that it does not dominate. In our implementation, the weighting
is done as follows

k n
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The value  has the effect of flattening and widening the
prior when 0 < x < 1 and making it more peaked around the
mode when x > 1. Figure 1 presents an example of a Normal
distribution with a mean of zero and standard deviation of two,
which has been raised to the value of xk = 0.2 and k = 2.
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Figure 1. Example of the effects of raising a distribution to a
power (assuming it is normalized)

It is convenient at this point to express the posterior in terms
of an energy function, which will be optimized to find the MAP
estimate. We can write the posterior probability function as fol-
lows

P(6]0) oc e~ 7% )

where E(6;O) is the “potential energy” function. Any
probability function can be written in this way by defining
E(0;0) = —logP(0|0O) — log(Q) for a given constant Q.
We choose @ = 1.

Writing the posterior in Eq. (8) in the above form, and as-
suming independence of the observations, we get

E(6;0) =k [—log Zlog (0i]6) ]
(10)
- Z log[P(0;|6)],
i=k+1

where examples 1, ... | k are the prior (reference) set and
examples (k + 1),... ,n are the adaptation set.

The steepest descent algorithm can now be used to itera-
tively estimate the MAP point on the posterior defined in Eq.
(10), i.e.

OE(0)
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The steepest descent algorithm (Eq. (11)) is an uncon-
strained optimization technique and given that certain con-

straints must be maintained for HMMs, some modifications are
required.

6D (n+1)=069(n)— (11)

4.1. Parameter adaptation

Instead of using a complicated constrained steepest descent al-
gorithm, we use transformations to maintain the HMM con-
straints during parameter adaptation. The derivation of the up-
dates for the individual parameters is beyond the scope of this
article and can be found in [10].

4.2. Initial prior

Although the GMAP algorithm has been developed such that
an initial parametric prior can be used (to incorporate true a-
priori information), it is unlikely that any such information will
exist. This algorithm will therefore often be used with a non-
informative initial prior. This results in the parametric prior gra-
dient being zero, with no effect on the resultant update.

5. Experiments

The goal of this section is to experimentally compare the MAP
and GMAP algorithms in conditions where limited training data
is available, with a reasonable amount of non-task-specific data
available for adaptation purposes. The SUNSpeech dataset is
used.

The phoneme recognition accuracy of the system is re-
ported, where accuracy is defined as:

Phones — Subs — Dels — Ins
Phones ’

Accuracy = (12)

where Phones is the number of phones in the correct tran-
scription, Subs the number of substitutions, Dels the number
of deletions and Ins the number of insertions. Error rates re-
ported are defined as 100% — Accuracy. The speech signal is
blocked into frames of length 16ms, with overlap of 6ms. Thir-
teen Mel-frequency cepstral coefficients (MFCCs), along with
their first and second order differentials are used. Unless other-
wise stated, each phone is represented by a simple left-to-right,
3 state, 5 mixture HMM. A frame-synchronous modified Viterbi
search (trellis search) is used to automatically segment and label
the utterances.

Before continuing, it is necessary to explain the convention
we have used to describe (or label) the algorithms used:

e MAP - A MAP algorithm labelled as “MAP Tx (Ty)”
uses the dataset T'x as its adaptation set and the ML
model created using 7% to determine the prior distribu-
tion.

e GMAP - A GMAP algorithm labelled as “GMAP T'x
(Ty)” uses the dataset T'x as its adaptation set and the
ML model created using 7% as a starting point. Note
that the prior dataset is not included in the description as
it is a constant for the each experiment.



The number of iterations used for each procedure differed.
When using MAP, 10 iterations typically proved to be sufficient
with the testing set performance converging at or before 10 it-
erations. GMAP required between 10 and 30 iterations for the
testing set performance to converge. The number of iterations
required for the GMAP algorithm is dependent on the step size
¢, the size of the datasets and the weighting factor x.

5.1. SUNSpeech

This section compares the MAP and GMAP adaptation algo-
rithms within a language adaptation framework. The SUN-
Speech database [4] was compiled by the Department of Elec-
trical and Electronic Engineering of the University of Stellen-
bosch (South Africa) to contain phonetically labelled speech in
both English and Afrikaans. A total of 59 phonetic categories,
including both a silence and unknown category, were used to
segment both the Afrikaans and the English speech. In this
work, the Afrikaans subset of the SUNSpeech database has been
used as adaptation data, with the English subset being used as
the prior dataset. Table 1 summarizes the SUNSpeech training
and testing sets as used.

Table 1: Details of SUNSpeech training and testing sets used

Description Label | Speakers | Duration

(minutes)
English dataset
Training | E | 76 | 1355
Afrikaans dataset

Training set A 39 22

Training subset | Ags 8 5.5

Sl test set 15 13

Table 2 summarizes the results obtained using the different
algorithms for the SUNSpeech dataset. Considerable improve-
ments are realized from the usage of the two algorithms when
the small Afrikaans training set is used as adaptation data, with
the GMAP algorithm performing best under these conditions
(8.0% and 10.2% relative improvement in error rate for the 5
and 10 mixture models respectively). Smaller, but finite, im-
provements are attained when the full Afrikaans training set is
available, where the GMAP algorithm once again performed
better than the standard MAP algorithm.

Table 2: Summary of the best results obtained for the SUN-
Speech dataset. Relative improvement in error rate over ML
baseline is given in braces.

Mixtures
5 | 10
Baseline ML As 42.5(0.0%) | 41.2 (0.0%)
MAP As(As + E) | 45.4(5.0%) | 44.8 (6.1%)
GMAP As(MAP) | 47.1(8.0%) | 47.2 (10.2%)

Description

Baseline ML A 48.6 (0.0%) | 51.5(0.0%)
MAP A(A + E) 51.1(4.9%) | 52.4 (1.9%)
GMAP A(M AP) 51.3(5.3%) | 52.5(2.1%)

The baseline recognition results appear relatively low, as
compared to that obtained for continuous recognition on other

continuous phoneme recognition tasks, such as TIMIT. This is
due to the fact that there are 59 phonetic categories and is there-
fore a more difficult task.

6. Conclusion

This article extends and elaborates on Bayesian adaption (MAP)
and its usage within a continuous speech recognition frame-
work. A new gradient-based MAP algorithm which makes no
assumption about the form of the prior was proposed and the
implementation thereof was discussed.

The two algorithms (MAP and GMAP) were experimen-
tally evaluated in Section 5, using the South African SUN-
Speech database for language adaptation. The GMAP algorithm
performed best, with the MAP algorithm, in general, resulted in
worse performance than the GMAP algorithm.
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