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Abstract - In this paper, four novel algorithms for perform-
ing attributed graph matching are presented. All four algo-
rithms are based on the Kronecker Product Graph Match-
ing (KPGM) formulation. This new formulation incorporates
a general approach to a wide class of graph matching prob-
lems based on attributed graphs, allowing the structure of the
graphs to be based on multiple sets of attributes. A salient
feature of all four algorithms is that no assumption is made
about the adjacency structure of the graphs to be matched.

1 INTRODUCTION

Graph matching is used in image processing where it is
required to match images or certain objects appearing in
different images. The focus of this paper is on matching
graphs where a reference graph, say

G0 =
�
V 0; E0; fA0

ig
r
i=1; fB

0
jg

s
j=1

�
(1)

is matched to a duplicate graph, say

G =
�
V;E; fAig

r
i=1; fBjg

s
j=1

�
(2)

where Ai 2 R
n�n , Bj 2 R

n�1 ; A0
i 2 R

n0�n0

and
B0
j 2 R

n0�1 represent the edge attribute adjacency matri-
ces and vertex attribute vectors respectively. The reference
and duplicate graphs each have r edge attributes and s ver-
tex attributes. The number of vertices of G 0 (respectively,
G) is n0 := jV 0j (respectively, n := jV j). Here we consider
the general case of sub-graph matching. Full-graph match-
ing (FGM) refers to matching two graphs having the same
number of vertices (i.e. n0 = n) while sub-graph match-
ing (SGM) refers to matching two graphs having different
number of vertices (i.e. n0 > n).

We say that G is matched to some sub-graph of G 0 if there
exists an n� n0 permutation sub-matrixP such that

Ai = PA
0
iP

T ; i = 1; ::::; r (3)

and
Bj = PB

0
j ; j = 1; ::::; s: (4)

�e-mail: ben.van.wyk@kentron.co.za, P.O. Box 52794, Wierda Park,
0149.

To accommodate inexactness in the modelling process due
to noise, the Attributed Graph Matching (AGM) problem
can be expressed as the following combinatorial optimiza-
tion problem,

min
P

0@ rX
i=1

Ai �PA
0
iP

T
2 + sX

j=1

Bj �PB
0
j

21A
(5)

where P2 Per(n; n0) and P2 Per(n; n0) is the set of all
n�n0 permutation sub-matrices. Here k�k denotes some
matrix norm.

In this paper, four novel algorithms for performing at-
tributed graph matching are presented. All four algo-
rithms are based on the Kronecker Product Graph Matching
(KPGM) formulation which is described in section 2. Re-
fer to [2 -13] for an overview of alternative approaches to
solve the AGM problem.

2 KPGM FORMULATION

Observe that vertex attribute vectors converted to diago-
nal matrices, using the diag(�) operation in linear algebra,
satisfy the same expression as edge attribute matrices do,
namely

diagBj � P diag(B0
j)P

T ; (6)

with exact equality holding for the ideal case (i.e. when
G is just a permuted sub-graph of G 0). This means that
these converted vertex attribute vectors may be considered
as additional edge attribute matrices. The AGM problem
can now be expressed as

min
P

 
r+sX
i=1

Ai �PA
0
iP

T
q! ; P 2 Per(n; n0): (7)

Observing that

vec(Ai �PA
0
iP

T ) � vecAi ��vecA0
i (8)

where � = P
P and 
 denotes the Kronecker Product
for matrices, the AGM problem can be expressed as

min
�

 
r+sX
i=1

kvecAi �� vecA0
ik
2

!
(9)



subject to � = P
P; P 2 Per(n; n0): Four methods to
obtain an approximation to�; from whichP 2 Per(n; n 0)
can be derived, are presented in the sequel. Different norms
will yield different solutions to the above minimization
problem.

3 THE LEAST-SQUARES BASED APPROACH

The Kronecker Product Least Squares Graph Matching
(LSKPGM) algorithm produces an unconstrained approxi-
mation to the Constrained Kronecker Match Matrix, �, in
a least squares sense.

Using the method of Least-Squares, an approximation
to �, the Kronecker Match Matrix (KMM), is obtained,
namely b�T = �y� (10)

where � := [�1;:::;�n2 ] and �y is the pseudo-inverse
of �. � T is defined as

�
[vecA0

1] ; :::;
�
vecA0

r+s

��
and

�T
k := ([vecA1]k ; :::; [vecAr+s]k) where [vecA]k is the

k-th element of vecA.

Once an approximation to the KMM is obtained, we can
use the following procedure to obtain an approximation to
P:

If an Unconstrained Permutation Sub-matrix bP is used as
the weight matrix of an optimal assignment problem, the
solution of which is a permutation sub-matrixP represent-
ing the optimal assignment of bP, then the permutation sub-
matrix P is the closest to bP in the sense that kP� bPkF is
a minimum where k�kF denotes the Frobenius norm. Some
optimal assignment algorithms might require bP to be a pos-
itive matrix. If bP is not a positive matrix we can add a con-
stant to bP to ensure that all its elements are non-negative.

Observation:

Let P be the permutation sub-matrix closest to bP ob-
tained by an optimal assignment procedure in the sense that
kP� bPkF is a minimum. If the Unconstrained Kronecker
Match Matrix is given as b� = bP
bP, then P will also be
the permutation sub-matrix closest to eP in the same sense
where

ePij := P
k;l
b�kl

n
; (11)

and b� := b�kl; i = 1; :::; n, j = 1; :::; n0, k = (i � 1)n +
1; :::; (i�1)n+n and l = (j�1)n0+1; :::; (j�1)n0+n0.

This is easy to see by noting that
P

k;l
b�kl

n
= bPijPpq

bPpq
where i = 1; :::; n, p = 1; :::; n, j = 1; :::; n0, q = 1; :::; n0;
k = (i � 1)n + 1; :::; (i � 1)n + n and l = (j � 1)n0 +
1; :::; (j � 1)n0 + n0. This leads to

eP = �bP (12)

where � is a constant. Noting that the optimal assignment
procedure yields the same answer when its weight matrix
is multiplied by a constant concludes the justification for
the observation.

By assuming that b�; as given by equation (10), is the
Kronecker Product of an Unconstrained Permutation Sub-
matrix bP with itself, we can therefore use equation (11)
and an optimal assignment procedure to obtain a permuta-
tion sub-matrixP that minimizes

kb��P
PkF ; (13)

and will serve as an approximation to P, the permutation
sub-matrix which minimizes equation (9). The complex-
ity of the algorithm is dependent on the calculation of the
pseudo-inverse of� and the complexity of the optimal as-
signment algorithm. A typical optimal assignment algo-
rithm, such as the Kuhn-Munkres algorithm, has a com-
plexity of O(n3): Using Singular Value Decomposition to
calculate the pseudo-inverse results in a total complexity of
O(n6):

4 THE INTERPOLATOR-BASED APPROACH

The Interpolator Based Kronecker Product Graph Match-
ing (IBKPGM) algorithm uses Reproducing Kernel Hilbert
Space (RKHS) interpolator theory, the general framework
of which is presented in [14], to obtain an unconstrained
approximation to �: The RIGM algorithm [13] is based
on the same theory, but the way in which the permutation
sub-matrixP is obtained, is vastly different.

The AGM process can be viewed to be comprised of the
mapping

F : Rn
0�n0

! R
n�n ; F(X) := PXPT ; (14)

with the fixed parameter matrix P 2 Per(n; n0) the un-
known quantity to be determined. In doing so, the AGM
problem is cast into a system identification problem which
can be solved by selecting an appropriate RKHS-based in-
terpolator to model the above mapping which will contain
an approximation to P implicitly. The input-output pairs
used for inferringF is the set f(Xk;Yk)g

r+s
k=1, where

Xk := A
0
k ; Yk := Ak : (15)

Using Reproducing Kernel Hilbert Space Interpolator
Theory framework proposed by [14], it can be shown that
the KMM is approximated by

b�T =
�b�1; :::; b�n2

�
(16)

where b�T
i =

�Pr+s
l=1 Ci lvecA0

l

�T
, C := (Ci l), C =

AG�1, G := (Gl k), Gl k = (vecA0
l)
T vecA0

k, A :=



(vecA1; : : : ; vecAr+s), k = 1; :::; (r + s), l = 1; :::; (r +
s) and i = 1; :::; n2. An approximation to P can be de-
rived from b� using the procedure described in section 3.
The resultant algorithm has a complexity of O(n4) when
n > (r + s)2 and the Kuhn-Munkres optimal assignment
algorithm is used to approximateP.

5 THE ORTHONORMAL KERNEL-BASED

APPROACH

The Orthonormal Kernel Kronecker Product Graph Match-
ing (OKKPGM) algorithm uses an orthogonal kernel-based
network to infer the Kronecker Match Matrix,�.

Consider a network governed by the cost function

J(�i) =

�i �
n0 2X
j=1

cij	j (�i)


2

(17)

where 	j (�i) is a kernel function, parameterized by
�0
j , which takes �i as an input and is distinct for each

�0
j , �T

i represents the i-th row of the matrix A :=
(vecA1; : : : ; vecAr+s), �0

j is the j-th row of the matrix
A0 :=

�
vecA0

1; : : : ; vecA0
r+s

�
, cij is a column vector

with r + s elements and k�k denotes the Euclidean norm.

If all �0
j are distinct and

	j (�i) =

�
1; when �i = �0

j

0; otherwise
; (18)

then
�i;j = 	j (�i) (19)

and the cij which minimizes J(�) =
Pn2

i=1 J(�i) are
given by

cij = �i	j (�i) : (20)

where � := (�i;j) is the Constrained Kronecker Match
Matrix which minimizes equation (9), i = 1; :::; n2 and
j = 1; :::; (n0)

2
:

For our experiments we considered a quadratic kernel given
by

	j (�i) =
1�

1 +
(�0

j
��i)T (�0

j
��i)

v

� : (21)

The orthonormality conditions are fulfilled when v ! 0.
When implementing the algorithm, care must be taken in
choosing v. Setting v = 1 improves network generalization
and results in an easy implementable algorithm. An ap-
proximation to P can be derived from the estimated KMM
given by equation (19) using the procedure described in
section 3. The resulting algorithm has a complexity of
O(n4). In the presence of noise, the algorithm becomes
sensitive to the choice of v: Instead of scaling v, it can be
kept equal to one and the graph data can be appropriately
scaled.

6 THE GRADIENT-BASED RELAXATION

LABELLING APPROACH

The Gradient Based Kronecker Product Graph Matching
(GBKPGM) algorithm in essence uses gradient-based re-
laxation to obtain a weakly Constrained Kronecker Match
Matrix, e�. Formulating the AGM problem as a Relaxation
Labelling (RL) problem only enforces the constraintX

j

ePij = 1 (22)

and not X
i

ePij � 1 (23)

as well.

Despite this shortcoming, it is pointed out by Gold and
Rangarajan [10] that RL methods appear to be the most
well-known methods available for graph matching, at least
among non-linear methods. Gradient-based RL methods
use ep(m+1)

i = ep(m)
i + �mQi fgig (24)

as an iterative update rule, where m is the iteration num-
ber, �m is a positive step size to control convergence, epi
is the i � th row of eP where eP approximates P, Qi is a
linear projection operator to maintain the constraint on eP
given by equation (22) and g i := gij is a row vector of
gradients with i = 1; :::; n and j = 1; :::; n0. The gradient
components are given by

gij =
@J

@ ePij (25)

where J is a cost function to be minimized. In [9], the defi-
nition of J is dependent on the calculation of feature value
compatibilities. Other RL methods such as those proposed
by Hancock and his co-workers [5 - 8], rely on assumptions
about the adjacency structure of the graphs. With J defined
by equation (9) and ignoring the associated constraints, it
can be shown that

@J

@ ePij =
r+sX
�=1

2

0@ n0X
k=1

A
0

�j(j�1)n0+k

nX
l=1

ePlk ��e�T
(i�1)n+lvecA

0

�

�
�A�j(i�1)n+l

�

+

n0X
k=1

A
0

�j(k�1)n0+j

nX
l=1

ePlk ��e�T
(l�1)n+ivecA

0

�

�
�A�j(l�1)n+i

�!
(26)



where

e� :=

0B@
e�T
1
...e�T
n2

1CA = eP
 eP; (27)

vecA
0

� := A
0

�jj and vecA� := A�ji. When implementing

the algorithm there is no need to pre-compute e�. Eache�T
f(i;l) can be calculated when required using

e�T
f(i;l) = epv 
 epw; (28)

where v =
j
f(i;l)�1

n

k
+ 1, w = f(i; l) � n (v � 1) and

f(i; l) = (i� 1)n+ l.

The linear projection operator Qi can be calculated using
the algorithm in [9]. We calculated eP0 using only vertex
relations. As with other gradient-based RL methods, the
choice of a suitable step size parameter and a convergence
criterion will be application specific. An approximation to
P can be derived from eP by simply setting the element with
the maximum value in each row equal to one and the rest
of the elements equal to zero. Estimating the complexity of
an iterative algorithm is difficult. The gradient computation
given by equation (26) has a complexity of O(n 6).

7 EXPERIMENTAL EXPERIMENTS

In order to evaluate the performance of the LSKPGM,
IBKPGM, GBKPGM and OKKPGM algorithms the fol-
lowing procedure was used: Firstly, the parameters n 0, n ,
r and s were fixed. For every iteration a reference graph G 0

was generated randomly with all attributes distributed be-
tween 0 and 1. An n � n0permutation sub-matrix, P, was
also generated randomly and then used to permute the rows
and columns of the edge attribute adjacency matrices and
the elements of the vertex attribute vectors of G 0. Next, an
independently generated noise matrix (vector, respectively)
was added to each edge attribute adjacency matrix (vertex
attribute vector,respectively) to obtain the duplicate graph
G. The element of each noise matrix or vector was obtained
by multiplying a random variable—uniformly distributed
on the interval [�1=2; 1=2]—by the noise magnitude pa-
rameter ". Different graph matching algorithms were then
used to determine a permutation sub-matrix which approxi-
mates the original permutation sub-matrixP . The percent-
age correct vertex-vertex assignments was calculated for a
given value of " after every 150 trials for each algorithm.
From a probabilistic point of view this reflects how well an
algorithm performs for a given noise magnitude.

The performance of the LSKPGM, IBKPGM, GBKPGM
and OKKPGM algorithms was compared to the perfor-
mance of the GAGM, EGM, SAGM, CGGM LPGM algo-
rithms. A comparison is also made against the Faugeras-
Price Relaxation Labelling (FPRL) algorithm proposed by
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Figure 1: Matching of (10; 3; 3) attributed graphs: Esti-
mated probability of correct vertex-vertex matching versus
".

Faugeras and Price [9]. The computational complexity
of the GAGM, EGM, CGGM and LPGM algorithms is
O(n4); O(n3); O(n6) and O(n6L) respectively, where L
is the size of the linear programming problem. The aver-
age complexity of the SAGM algorithm is less than O(n6).
The computational complexity of the LSKPGM, IBKPGM
and OKKPGM algorithms is O(n6); O(n4) and O(n4) re-
spectively.

8 NUMERICAL EXPERIMENTS

Full-Graph Matching

Figure 1 presents the estimated probability of correct
vertex-vertex match as a function of noise magnitude " for
the case (n; r; s) = (10; 3; 3). Globally, the performance
curves for the SAGM, GAGM and CGGM algorithms are
closely spaced and well separated from the performance
curves of the IBKPGM, LSKPGM, GBKPGM and FPRL
algorithms for large values of ". The performance curves
of the IBKPGM, LSKPGM, GBKPGM and FPRL algo-
rithms are in turn well separated from the performance
curves of the LPGM, EGM and OKKPGM algorithms.
The performance curves of the FPRL, OKKPGM and
IBKPGM algorithms are nearly identical. The OKKPGM
algorithm performed notably better than the LPGM and
EGM algorithms.

Figure 2 shows the results obtained for (n; r; s) =
(30; 3; 3). For values of " up to 0.2, the performance
of the LSKPGM, IBKPGM, GBKPGM and OKKPGM
algorithms are near ideal. The performance curves can be
separated into three distinct classes and there is a decline
in the performance of all algorithms in general. This is
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Figure 2: Matching of (30; 3; 3) attributed graphs: Esti-
mated probability of correct vertex-vertex matching versus
".

due to the fact that the number of features is kept constant
while the number of vertices is increased. Similar results
were obtained when our algorithms were used to match
(n; r; s) = (50; 3; 3) graphs, but the computational com-
plexity of algorithms such as the LPGM and GBKPGM
complicates detailed comparisons. For large graphs the
OKKPGM algorithm becomes very sensitive to the choice
of v and the distribution of the graph data. Care must be
taken in the selection of v and a scaling factor for the data.

Although any of the proposed algorithms can be used for
matching graphs with more than a 100 nodes, the IBKPGM
algorithm is particularly suited to such tasks because of
its non-recursive computational simplicity. In figure 3,
the performance of the IBKPGM algorithm is shown for
values of n = 100; 150; and 200 where r = 3 and s = 3.
An interesting characteristic of the algorithm is that there
seems to be an exponential decrease in the estimated
probability of a correct vertex-vertex match when the
number of vertices is linearly increased and the number
of attributes is kept constant. Besides the inversion of an
(r+ s)� (r+ s) matrix, no additional complicated matrix
calculations are involved. A peculiarity of the IBKPGM
and LSKPGM algorithms is that their performance curves
are almost identical to the performance curves of the
RIGM algorithm described in [13].

Sub-Graph Matching

Figure 3 depicts the estimated probability of correct vertex-
vertex matching for the case (n0=n; r; s) = (15=5; 5; 5).
The LSKPGM, IBKPGM, GBKPGM and OKKPGM
algorithms were only compared to the GAGM, CGGM
and SAGM algorithms as the EGM and LPGM algorithms
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Figure 3: Matching of (100=150=200; 3; 3) attributed
graphs: Estimated probability of correct vertex-vertex
matching versus ".

are not suited to sub-graph matching. The results for this
experiment indicate that the estimated probability of a
correct vertex-vertex match is higher than 0.8 for noise
values up to nearly 0.3 when a third of the vertices are
missing. When only two or three vertices are missing
the experiment is trivial since the LSKPGM, IBKPGM,
GBKPGM and OKKPGM algorithms almost always find
the correct vertex-vertex match when no noise is present.

9 CONCLUSION

The Kronecker Product Graph Matching (KPGM) for-
mulation was presented and the LSKPGM, IBKPGM,
GBKPGM and OKKPGM algorithms, based on this for-
mulation, were introduced. These algorithms incorporate a
general approach to a wide class of graph matching prob-
lems based on attributed graphs, allowing the structure to
be based on multiple sets of attributes, without making any
particular assumption about the adjacency structure of the
graphs. All four algorithms are capable of performing at-
tributed full- and sub-graph matching.

The performance of the LSKPGM, IBKPGM, GBKPGM
and OKKPGM algorithms was compared to the perfor-
mance of the EGM, CGGM, SAGM, GAGM, FPRL and
LPGM algorithms. It was demonstrated that the perfor-
mance of the LSKPGM and IBKPGM algorithms are com-
parable to the performance of a typical gradient-based re-
laxation method such as the FPRL algorithm when per-
forming full-graph matching. It was also shown that
when performing sub-graph matching the LSKPGM and
IBKPGM algorithms performed slightly worse than the
CGGM, SAGM and GAGM algorithms. A major advan-
tage of the IBKPGM is its complexity of only O(n4),



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Epsilon

E
st

im
at

ed
 P

ro
ba

bi
lit

y

GAGM
IBKPGM
CGGM
SAGM
LSKPGM
OKKPGM
GBKPGM
FPRL

Figure 4: Matching of (15=5; 5; 5) attributed graphs: Esti-
mated probability of correct vertex-vertex matching versus
".

which is lower than the complexity of the CGGM and
SAGM algorithms. The straightforward non-recursive
matrix computations required by the IBKPGM algorithm
makes it an ideal candidate for matching graphs with more
than a 100 nodes. The performance of the OKKPGM al-
gorithm is comparable to the performance of the EGM and
LPGM algorithms. The OKKPGM algorithm is extremely
simple to implement and has the added advantage that it
outperforms the LSKPGM and IBKPGM algorithms when
performing sub-graph matching in the presence of low to
moderate noise. The GBKPGM algorithm performed no-
tably better than the FPRL algorithm when performing full-
graph matching, but its complexity is a major drawback.

The almost identical performance of the IBKPGM,
LSKPGM and RIGM [13] algorithms is not well under-
stood at present and is a topic for further investigation.
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