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Abstract

In this paper, a tensor voting approach to robustly remove out-
liers and refine motion vector estimates on a video sequence is
presented. The algorithm is based on tensor voting as presented
and developed by Medioni and Tang [1, 2] with the novel addi-
tion of using the displacement vector as a tangential orientation
to the 2D+t set of points. The results are compared to a ground
truth set and are discussed.

1. Introduction
Video segmentation forms an intrinsic part of the computer vi-
sion problem. In order to solve this problem, intensity based
segmentation and/or motion based segmentation can be used.
This paper deals with one aspect of motion segmentation i.e.
sparse motion vectors over a video scene, where a video scene
is defined as a section of coherent video frames between cuts.
The technique discussed is targeted to off-line processing of the
video scene, and as such can make use of historic and future
video frames in refining its decisions.

Sparse motion vector fields are a common concept in com-
puter vision and there are numerous methods of obtaining es-
timates of them. The most common are the use of block com-
parison techniques [3]. In order to try use points that are not in
featureless areas, a corner detector such as SUSAN [4] is used
to preselect the control points. This provides a 2D+t (3D) set
of input points, each one with a 2D motion vector that has been
augmented to 3D where the 3rd dimension is the frame dimen-
sion.

Tensor Voting using a suitable kernel has been explored in
numerous papers [5, 6, 7, 8, 9, 10, 11, 12], and has been ap-
plied to the sparse and dense motion vector problem success-
fully. The formulation is here used with some modifications to
address the 2D+t sparse problem, but now making use of the
motion vector not as a dimension to the problem, but as an ori-
entation. Tensor Votingencodesthe 3D set of input points into
tokens. It then usescommunicationfrom surrounding tokens, to
determine coherence orsaliencyas a basis for voting.

1.1. Contributions

In this paper, the well-documentedTensor Votingapproach is
taken to improve the sparse motion vector field. What is novel
in this approach is the following:

• The utilization of the motion vector direction not as a di-
mension but as an orientation in the tensor voting frame-
work.

• The use of tangential direction and not normal direction,
as the normal direction to a 3D line is ambiguous while
the tangential direction is not.

1.2. Organization

In section 2 the method of feature extraction is briefly described.
This supplies the Tensor Voting Framework with the required
input data. Section 3 deals with the background necessary to un-
derstand the Tensor Voting Framework. This is described only
to give sufficient information of the Tensor Voting Framework
is applicable to this problem. For more extensive information
consult all of Medioni’s works as referenced. Section 4 de-
scribes the Tensor Voting applied to the motion vector fields.
Section 5 describes the computer simulation and uses a com-
puter synthesized video set to determine the accuracies of the
raw and processed motion vector fields.

2. Feature Extraction
The feature extraction framework uses control point selection to
determine candidate locations in the image that should provide
good block comparisons. It then makes use of a standard rect-
angular block comparison method to obtain motion estimates
with a refining stage to obtain sub-pel resolution. This process
is repeated over all the frames in the video scene, to obtain the
2D+t (3D) set of inputsi. Each of thesei inputs have position
Pi = (xi, yi, zi) and a directionEi = (ui, vi, ki) where the
zi values increment in 3 units per video frame. Theui andvi

values denote the motion vector in 2D, and this is augmented
by ki = 3 . These raw values are also denoted byErawi

= Ei

andPrawi
= Pi.

2.1. Control Point Selection

The control points are selected using the SUSAN method as
described by Smith [4, 13]. This method looks for candidates
in the image that have good corner characteristics such that the
aperture problem and homogeneous region problems are to a
large extent avoided. The detector makes use of a threshold
to determine the number of points reported on an image. The
method was developed for images, and makes use of intensity
information to make its decisions. As such, no frame-to-frame
information is used. Other corner detectors such as the ones
used by the OpenCV library [14] and the Harris detector in the
Gandalf library [15], may be used instead of SUSAN if need be.

Due to the fact that the corner detectors will produce a non-
homogeneous spread of control points, a grid is overlaid on each
frame and the number of control points in each grid cell is lim-
ited to one with preference given to the central one. In order to
provide a reasonable spread, a fairly low threshold is chosen on
the corner detector. There will still be featureless grid cells, and
these are left empty.

In order to have an accurate ground-truth comparison, a
synthesised image was made with a central rotating disk. The
control points given by the corner detector are shown in Fig. 1.
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Figure 1:Section of grid image with selected control points (o)
and unselected points (+).
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Figure 2:Section of grid image with selected control points (o)
and unselected points (+). Successful primed control points are
shown in dashed cells.

On subsequent frames, attempts are made to prime the control
points in each cell with the previous frame’s control point offset
by the rectangular block comparison motion vector, as shown in
Fig. 2.

2.2. Rectangular Block Matching

Standard block matching as described in Bhaskaran [3] is im-
plemented with the rectangular block set at 9x9 (MxN ) pixels,
and the search areap as +-10 pixels. Let the pixels of the cur-
rent frame be denoted asC(x + k, y + l), and the pixels in the
reference frame asR(x + i + k, y + j + l). The cost function
minimised is given in Eqn. 1

MAE(i, j)=
1

MN

M−1
∑

k=0

N−1
∑

l=0

|C(x+k, y+l)−R(x+i+k, y+j+l) |

(1)
where−p ≤ i ≤ p and−p ≤ j ≤ p. This describes a sur-
faceMAE(i, j) where aminimumpoint defines the best match.
This MAE(i, j) surface also gives a number of other useful
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Figure 3:Raw Motion Flow Field without refinement

parameters once it has been transformed. The one transform is
essentially an inversion (minima become maxima) and a nor-
malization (such that all possible values lie between 0 and 1)
given as

MAM(i, j) = 1 −
MAE(i, j)

qMN
(2)

whereq is the number of quantization levels per pixel. The
MAM(i, j) is then filtered using a simple high pass laplacian
filter with a kernel

h(i, j) =





−1 −1 −1
−1 8 −1
−1 −1 −1



 (3)

This is similar to a matched filter looking for verypeakypoints
in the surface, as well as displacing the surface such that smooth
level areas are around zero (gets rid of DC). The resulting sur-
face is described as:

FM(i, j) = MAM(i, j) ∗ h(i, j) (4)

We also defineFMpeak as the peak value ofFM(i, j), and a
steepnessratio

FMratio=FMpeak

FMadjmax
whereFMadjmax is the max-

imum intensity value directly adjacent to whereFMpeak is lo-
cated. If we make use ofFMratio as a quality measure, and set
the threshold to 1.2 such that anything above this threshold is
taken as a good candidate and is allowed to propagate, we end
with a flow field as shown in Fig. 3.

The resolution of the flow fields is one pixel. To enhance
this, the surfaceMAM(i, j) is used. The peak is found at a
certain locationipeak, jpeak. the eight neighbors and the peak
location is used to determine thecentre of massusing the Eqn.
5.

xoffset =
1

Q

1
∑

i=−1

1
∑

j=−1

(ipeak + i)MAM(ipeak + i, jpeak + j)

yoffset =
1

Q

1
∑

i=−1

1
∑

j=−1

(jpeak + j)MAM(ipeak + i, jpeak + j)

(5)
where Q =

∑

1

i=−1

∑

1

j=−1
MAM(ipeak + i, jpeak + j).

These offsets are added to the block matched offsets to try get
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Figure 4:Raw Motion Flow Field with refinement

a more accurate point. Noise may affect the outcome, but the
block matching essentially represents a spatial low pass filter of
the size of the block, resulting in Fig. 4.

3. Tensor Voting Framework
The main underlying theory used in this paper relies heavily on
second order tensor voting formulations. This theory has been
derived and applied to various vision problems principally by
Medioni [16], Tang [8, 9, 1], and Nicolescu [7, 17, 18].

The basis of tensor voting is to use a region of supportR
around an element to determine whether the element forms part
of a structure like a curve, volume or junction whilesimultane-
ouslyallowing a measure of noise rejection. By using second
order tensor representations, the second moment allows curva-
ture and tangents on curves and surfaces to be described. Ele-
ments are represented in a tensorial way for first order tensors:

Ti = (x1i
, x2i

, ..., xni
) (6)

Extending this to the second order tensor, we get

Ki = TiT
T
i (7)

3.1. Second Order Tensor Data Representation

Eqn. 7 is a symmetric representation, which implies that the
eigenvalues are real and1 ≥ λ1 ≥ λ2 ≥ ... ≥ λn ≥ 0.
We can also representKi in an orthonormal fashion (due to its
symmetry):

Ki = QiΛQT
i (8)

whereΛ is the diagonal matrix of eigenvalues, andQi are the
right hand eigenvectors. If we drop the subscript, and look at
the 3 dimensional element, we can represent Eqn. 8 as:

K =
[

ê1 ê2 ê3

]





λ1 0 0
0 λ2 0
0 0 λ3









êT
1

êT
2

êT
3



 (9)

or multiplying out and grouping we get:

K = (λ1 − λ2)S + (λ2 − λ3)P + λ3B (10)

where B is the ball component having no particular orien-
tation. This can be visualised as a sphere and defined by
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Figure 5:3D ellipsoid tensor representation.

ê1ê
T
1 + ê2ê

T
2 + ê3ê

T
3 . The plate component is given byP has no

orientation around two of the three axis. This can be visualised
as a disk/plate and defined bŷe1ê

T
1 + ê2ê

T
2 . The last compo-

nent is the stick component given byS which is aligned to the
ê1 axis. This can be visualised as a stick/line and is defined by
ê1ê

T
1 . In Eqn. 10, the eigenvectors and eigenvalues describe an

ellipsoid as in Fig. 5.
For the 3D case the different components of this equation

allow us to differentiate between a point that has no firm direc-
tion (B), points on surfaces or plates (P) and points that are on
lines and curves (S). These coefficients to these terms are the
saliency terms and have the following characteristics:

1. Point saliency. This is characterized by very similar
eigenvalues (λ1 ≈ λ2 ≈ λ3) and has no preferred di-
rection. The saliency value is given byλ3.

2. Curve saliency. This is characterized by two similar
eigenvalues larger than the third (λ1 ≈ λ2 > λ3). The
measure isλ2 −λ3 being large in value. This indicates a
strong curve directionality (belonging to a line), and the
normal unit vectors are given bŷe2 andê3. The saliency
value is defined asλ2 − λ3.

3. Surface saliency. This is characterized by one eigen-
value larger than the second and third (λ1 > λ2 ≈ λ3).
The measure isλ1 − λ2 being large in value. This in-
dicates a strong directionality (belonging to a surface),
and the normal unit vector is given bŷe3. The saliency
value is defined asλ1 − λ2.

The 2D case, which has the smallest dimensionality, is defined
as:

K = (λ1 − λ2)S + λ2B (11)

where only points and curves are present, not surfaces as there
are no plate tensors.

3.2. Second Order Tensor Data Communication

Tensor voting makes use of data or tensor communication in
order that elements at various points can vote at other points. A
vote decays withdistanceand withcurvature. A kernel that can
describe this allows theVote Strengthto be described as

V Sstick(s, κ) = exp
−

(s2+ακ2)

σ2 (12)

wheres is the arc length,κ is the curvature,α is a curvature
scaling factor andσ is the radial distance scaling factor. This
form of vote strength is applicable if the orientation and position



P

Q

Q1

Q2

Figure 6:2D vote strength if directional information is known.
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Figure 7:2D V Sstick(s, κ).

of the voter is known explicitly as is the case of the stick data
representationS.

If we look at the 2D case, the reduction in vote strength in
Fig. 6 of voter P on votee Q is seen to get less for increased
radial distance (Q1) and increased curvature (Q2). If the ef-
fect over the xy plane in 2D is mapped, then Fig. 7 indicates
very little strength broad-side to the voter (high curvature) and
a general radial decay (greater distance).The radial distance and
curvature are given as:

r =
l

2sin(θ)
; κ =

1

r
; s = 2rθ (13)

Furthermore, thescale is denoted byσ. This determines the
decay of the vote strength with distance and curvature. An ad-
ditional constantα also appears to scale the radial decay and
curvature decay in relation to each other.

Up until now, we have been dealing with the votestrength.
In order to make this into a full tensor form as specified in Eqn.
11, the stick vote becomes:

Vstick = V Sstick
~N ~N

T (14)

We can extend Eqn. 14 to 3D by noting that the stick
vote strengthV Sstick is radially symmetric around the x axis.
Essentially, all dimensions higher than 2D can be reduced to a
2D problem by rotating the 2D plane defined by the vector~M

and the receiver pointQ such that it is the 2D plane defined by
xy in Fig. 8.
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Figure 8:2D stick geometry.

In this application, only stick voting is used, so the ball (B)
and plate (P) terms are not further elaborated on. More infor-
mation can be found in the references noted in the beginning of
this section.

The votes are iteratively done on the votees, where the votee
set comprises of all the elementsTi. The voters are drawn from
the same set within a radius such that contributions beyond this
radius are negligible (function ofσ). All the voter’s votes are
tensorially added, and then the eigenvalues and eigenvectors are
determined allowing the mentioned saliencies to be computed.
These saliencies determine the characteristics of the votee point
in relation to its surrounding elements. In the 3D case, a votee
may be characterised as being an independent point, or point
within a volume with itspoint saliency, or as a point on a 3D
surface by itssurfacesaliency, or as a point on a curve or line
with its curvesaliency.

4. Motion Vector Estimation
Once the input elements are found in both positionPi and di-
rectionEi, they are encoded asi tensor elementsTi with tan-
gential directions. If we determine a voter at pointP and a vo-
tee at pointQ (both elements fromPi), the respective tangen-
tial unit vectors are~V and ~U (both unit vector elements from
Ei). We shift the whole system such thatP is at the origin.
A vector ~B = ~P − ~Q now describes the votee position. We
can convert the tangential vector~V into the normal form using
~M = (~V × ~B) × ~V . Using the normal vector~M , we can now

compute the normal vote strength at the votee pointQ according
to Eqn. 12. Due to the fact of trying to preserve the direction of
Ei in the regionR around the votee, the direction of the voter
(~V ) is preserved at the votee siteQ. The stick vote becomes:

Vtstick = V Sstick
~V ~V

T (15)

In this formulation, all votes are collected per votee and
summed, including the votee voting for itself (perfectly aligned
— zero distance in the kernel). The eigenvectors and eigen-
values are found for all tensor elementsTi. In this formula-
tion, with all the vectors~V pointing in the same direction, the
saliency sought is a highsal = λ1−λ2, and the direction given
by ê1. The maximum saliency is found over alli, and used to
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Figure 9:2D stick geometry with tangential vectors.

set a threshold of 1/3 of the maximum saliency. Any votee lo-
cations found to have saliencies below this are discarded (noise
rejection), and the rest have theirEi replaced witĥe1 for each
i. TheEi must be scaled such thatki = 3. This forms the new
improved 3D set of directionsErefi

.

5. Simulation and Results
A computer simulation in MATLAB was written to process the
synthetic image using the ’tissue.png’ image as shown in Fig. 1.
The central disk section of this image was rotated from frame to
frame, while the rest was held static. For the synthetic image,
the exact ground truth was determined for comparative results
and for eachPi an actualEactuali was determined.

The synthetic image was processed with the control point
extraction, block matching, and tensor voting, to get a refined
setErefi

for eachPi that was not rejected as having a saliency
that was too low. Comparisons were made between the raw and
actual and refined and actual motion vector fields as contained
in Eactuali .

The method of comparison between the actual motion
vectors and calculated motion vectors was to look at the
dot product between the two motion vectors as given by
αrefi

= acos((urefi
, vrefi

, 1) • (uactuali , vactuali , 1)).
The same can be found for the raw values asαrawi

=
acos((urawi

, vrawi
, 1)•(uactuali , vactuali , 1)). The mean and

standard deviation values in degrees are given in Table 1.

Table 1:Comparative angular errors.

Case Mean Error STD Error

Raw,σ = 15,α = 1000 10.0 9.8
Ref,σ = 15,α = 1000 7.3 8.8

An improvement is clearly noticeable compared to the raw
measurements, with an improvement of 37%.

6. Conclusions
Tensor voting can be adapted to simultaneously remove out-
liers, and refine sparse motion vector fields over a video scene.
A minor adaptation of the tensor voting framework was minor,

with only 2 degrees of freedom (σ andα) needing to be consid-
ered. An overall improvement in motion vector field accuracy
was achieved on the synthetic image where ground truth was
known.

7. Acknowledgements
Due acknowledgement is given to the Foundation for Research
and Development (FRD), and to TSS for financial support.

8. References
[1] Chi-Keung Tang and Gerard Medioni, “Curvature-

augmented tensor voting for shape inference from noisy 3D
data,” IEEE TRANSACTIONS ON PATTERN ANALYSIS
AND MACHINE INTELLIGENCE, vol. 24, no. 6, JUNE
2002.

[2] Chi-Keung Tang and Gerard Medioni, “Robust estimation
of curvature information from noisy 3D data for shape de-
scription,” inThe Proceedings of the Seventh IEEE Interna-
tional Conference on Computer Vision, pp. 426 – 433.

[3] V Bhaskaran, K Konstantinides,Image and Video Com-
presision Standards - Algorithms and Architectures, Kluwer
Academic Publishers, 1997.

[4] S.M. Smith, J.M. Brady, “SUSAN - a new approach to low
level image processing,” Tech. Rep.TR95SMS1, 1995.

[5] Jiaya Jia and Chi-Keung Tang, “Inference of seg-
mented color and texturedescription by tensor voting,”
IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MA-
CHINE INTELLIGENCE, vol. 26, no. 6, JUNE 2004.

[6] Pierre Kornprobst and Gerard Medioni, “A 2D+t tensor
voting based approach for tracking,” inProceedings. 15th
International Conference on Pattern Recognition, pp. 1092
– 1095.

[7] Mircea Nicolescu and Gerard Medioni, “Layered 4D rep-
resentation and voting for grouping from motion,”IEEE
TRANSACTIONS ON PATTERN ANALYSIS AND MA-
CHINE INTELLIGENCE, vol. 25, no. 4, APRIL 2003.

[8] Chi-Keung Tang and Gerard Medioni, “Extremal feature
extraction from 3-D vector and noisy scalar fields,” pp. 95 –
102, Oct 1998.

[9] Chi-Keung Tang, Gerard Medioni, Mi-Suen Lee, “Epipolar
geometry estimation by tensor voting in 8D,” inThe Pro-
ceedings of the Seventh IEEE International Conference on
Computer Vision, pp. 502 – 509.

[10] Wai-Shun Tong, Chi-Keung Tang, Gerard Medioni, “First
order tensor voting, and application to 3-D scale analysis,” in
Proceedings of the 2001 IEEE Computer Society Conference
on Computer Vision and Pattern Recognition, pp. I–175 – I–
182.

[11] Wai-Shun Tong, Chi-Keung Tang, Philippos Mordohai,
and Gerard Medioni, “First order augmentation to tensor
voting for boundary inference and multiscale analysis in
3D,” IEEE TRANSACTIONS ON PATTERN ANALYSIS AND
MACHINE INTELLIGENCE, vol. 26, no. 5, MAY 2004.

[12] Wai-Shun Tong, Chi-Keung Tang, and Gerard Medioni,
“Simultaneous two-view epipolargeometry estimation and
motion segmentation by 4D tensor voting,”IEEE TRANSAC-
TIONS ON PATTERN ANALYSIS AND MACHINE INTELLI-
GENCE, vol. 26, no. 9, SEPTEMBER 2004.



[13] S.M. Smith, “Edge thinning used in the susan edge detec-
tor,” Tech. Rep.TR95SMS5, 1995.

[14] “Open source computer vision library reference manual
(opencv),” 2001.

[15] Philip F McLauchlan,Gandalf: The Fast Computer Vision
and Numerical Library, Imagineer Software Ltd.

[16] Gerard Medioni Chi-Keung Tang Mi-Suen Lee, “Tensor
voting: Theory and applications,” in12eme Congres Fran-
cophone AFRIF-AFIA de Reconnaissance des Formes et In-
telligence Artificielle (RFIA), February 2000.

[17] Mircea Nicolescu and Gerard Medioni, “4-D voting for
matching, densification and segmentation into motion lay-
ers,” inProceedings. 16th International Conference on Pat-
tern Recognition, pp. 303 – 308.

[18] Mircea Nicolescu and Gerard Medioni, “Motion segmen-
tation with accurate boundaries - a tensor voting approach,”
in Proceedings. 2003 IEEE Computer Society Conference on
Computer Vision and Pattern Recognition, pp. I–382 – I–
389.


