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Abstract 

 

This paper considers the problem of creating three 
dimensional reconstructions of fire from images.  By 
showing how the image intensity of fire can be related to 
the flame density, the problem is able to be viewed from a 
tomographic perspective.  A new method is presented, 
based on algebraic tomography techniques and fuzzy 
image processing, that produces geometrically accurate 
3D reconstructions of a synthetic object given only a few 
views. 
 
1 Introduction 
 
The burning of sugar cane under high voltage 
transmission lines is known to cause phase to phase and 
phase to earth flashovers [1].  While the burning can be 
controlled to an extent, this is not always the case, and, 
along with wild fires, the problem of fire-induced 
flashovers remains a concern.  Also, while several 
theories exist as to the mechanism of the flashover 
process, there is no definitive explanation.  To find a 
solution, the problem must first be understood.  
Development of a 3D reconstruction imaging system will 
enable more accurate study of the fire-induced flashover 
phenomenon. 
 
1.1 Object Reconstruction 
 
The simplest method of creating a volumetric 
reconstruction of an object is to use the concept of the 
visual hull.  Initially the term visual hull was defined by 
Laurentini [2] as the largest approximation of an object 
consistent with all possible silhouettes.  A more common 
definition is rather the volume formed by a finite number 
of silhouettes of an object.  The intersection of the 
silhouette projections forms the visual hull, which is 
guaranteed to contain the object.  Although more 
silhouettes yield a better reconstruction, one is still 
limited by the fact that surface concavities cannot be 
modelled. 

Much work has been done on improving the geometric 
accuracy of visual reconstructions.  By using information 
such as colour and texture, better reconstructions may be 
obtained through various space carving techniques.  

Another potential approach is the use of stereo 
reconstruction techniques.  The problem with most of 
these more advanced techniques is a reliance on 
lambertian surfaces, where light is reflected equally in all 
directions from a surface.  Fire, however, is non-
lambertian, being partially transparent.  Hence, in terms 
of general object reconstruction techniques may be 
limited to a visual hull approach.  This implies that 
information is being disregarded since only the silhouette 
is being used.  The focus of this paper is thus on 
developing a technique able to use all the information 
available in the images. 
 
1.2 Flame Reconstruction 
 
The solution to the flame reconstruction problem may be 
approached from two different directions.  The first 
approach is to use a geometric method, as demonstrated 
by Yan et al [3, 4].  Using only three cameras, they 
extract the contours of the flame which are joined using 
β-spline curves to form a mesh.  While similar to the 
visual hull, using the idea of shape from silhouette, the 
resulting reconstruction appears more natural and curved, 
suiting the fluid nature of fire.  Although this method is 
fast and demonstrates good results for simple flames, 
more complex flame geometries are likely to produce 
limited success. 

Ng and Zhang [5] present a stereoscopic method for 
reconstructing a flame surface.  While successful, the 
technique would appear to be limited to turbulent 
impinging diffusion flames.  Also, the reconstructed 
surface is only visible from one direction – not a full 3D 
reconstruction. 

The second category of flame reconstruction techniques 
is those using tomography.  In §2 it is shown that the 
image intensity can be related to the flame density, 
making the reconstruction problem analogous to that of 
computerised tomography.  Often used in medical 
applications (X-ray CT, MRI), traditional reconstruction 
algorithms, which typically require many views, cannot 
be used here since only a few views are available.  
Algebraic tomographic techniques, however, are well 
suited to sparse view reconstructions [6].  This will form 
the basis of the proposed reconstruction algorithm. 



Hasinoff [7, 8] demonstrates two novel methods of 
reconstructing the flame density field using a 
tomographic approach.  The aim of his research was the 
creation of photo-consistent reconstructions, and thus his 
methods are not particularly applicable in terms of 
recovering geometric characteristics of the flame.  His 
work does, however, show the viability of the 
tomographic approach. 
 
1.3 Overview 
 
A method of flame reconstruction using tomographic and 
image processing techniques is proposed.  Using several 
monochromatic CCD cameras positioned around the 
flame, video sequences are captured.  The reconstruction 
is done one frame at a time.  A black background 
simplifies the process, although an arbitrary background 
can be accounted for. 

 
Figure 1.1: System setup. Given the semi-transparent nature of 
the flame the cameras need only be spaced equally within 180°.  
For simplicity only three cameras are shown, though more are 
likely be used. 
 
To reconstruct a 3D volumetric reconstruction of the fire 
the reconstruction space is split up into a set of horizontal 
slices, each corresponding to a row of pixels in the 
images.  By reconstructing each slice and then stacking 
them to form a 3D volume the reconstruction problem is 
reduced from 3D to 2D. 

For each slice, an estimation of the density field is 
obtained using the Simultaneous Iterative Reconstruction 
Technique (SIRT), an algebraic tomography algorithm.  
However, since the flame geometry is of concern there is 
a need to incorporate a form of image segmentation to 
define the flame boundary.  Fuzzy C-Means (FCM) 
segmentation is a technique often used for medical 
applications such as the segmentation of MRI brain scans 
[9, 10].  These scans are also created using tomographic 
techniques.  This similarity would suggest that FCM 

flame density field images.   Image gradient and line 
detection type techniques would not work here, since the 
images created by the SIRT technique tend to be blurry 
and indistinct, lending themselves to a more statistical 
method such as Fuzzy C-Means.  The theory behind SIRT 
and FCM is given is §3. 
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In
purpose of flame reconstruction, it must be shown that for 
a non-saturated image there is a relationship between 
pixel intensity and flame density [7, 8]. 

This is achieved using the simplified rad
odel of fire.  The two simplifications, or assumptions, 

that need to be made are: 
i. Negligible scatter

fires this is a good approximation since the 
radiance is dominated by the self-emission from 
glowing soot particles [6, 7, 8].  The total emission 
thus consists only of self-emission. 
Constant self-emission: By m
brightness of the fire as being dependent only on 
the density field [7, 8], one may assume the self-
emission to be constant, per unit mass, denoted by 
Q0.  

intensity of a given ray as: 
 (1I = 0

T iven ray is given by 
the radiative transfer model as the integral of the density 
field, ρ(x), along the ray: 
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and transparency known as the extinction cross-section. 

To account for the emission constant, Q0, it is note
w Equation (2.1) shows that, as the transparency tends 

to zero, the intensity approaches Q0, thus giving a 
maximum intensity of I∞ = Q0.  Given a digital imaging 
system with a saturation of Imax, we can then say that I∞ = 
Imax + 1.  Thus, eliminating Q0 gives: 
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and finally, combing Equations (2.2) and (2.4) and 
manipulating gives a transformed intensity: 
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This transformed intensity, I´, corresponds to the integral 
of the density field along the ray, thus showing that 
computerised tomography solutions can be applied to the 
problem of flame reconstruction. 

It should be mentioned that Equation (2.5) assumes a 
black background.  To account for an arbitrary 
background, Equation (2.3) is modified to include a 
background intensity term: 
  (2.6) (1 ) .bgI I Iτ τ ∞= + −
The transformed image intensity then becomes: 
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3 Tomographic Object Reconstruction 
 
Having established that the problem of flame 
reconstruction can be approached from a tomographic 
perspective, the fundamental techniques needed to 
achieve this reconstruction are described. 
 
3.1 SIRT 
 
The Simultaneous Iterative Reconstruction Technique 
(SIRT) is an enhancement of the Algebraic 
Reconstruction Technique (ART), which should therefore 
be described first. 

Consider an n x n square grid containing an unknown 
2D object, with fi representing the value of the ith grid 
element, or cell.  Each image (Ik), or projection, of the 
object, is composed of a series of rays of width δ.  The 
width of the ray is usually similar to the width of the grid 
element [11]. 

For a particular ray, j, the ray-sum, pj, represents the 
object density along that ray, and can be expressed in 
terms of the grid as: 
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where the weight factor wij is the fraction of grid element 
i through which ray j passes, indicated by the shaded 
portion of cell A in Figure 3.1.  To simplify matters wij is 
often replaced by a binary function, assigning a value of 1 
if the centre of the cell falls within the ray [11]. 
 

  
 
Figure 3.1:  A square grid superimposed on an unknown object, 
with two projections (I1, I2) shown. 
 

The central idea behind algebraic techniques is to 
iteratively adjust the cell values based on the difference 
between the original projections, p, and the projections 
created by the reconstruction, q.  This adjustment, for a 
cell value fi falling within ray j, can be written as: 

 ,j j
ij

j

p q
f

N

−
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where Nj is the number of image cells within the ray.  
This iterative adjustment of fi is calculated for each ray in 
each projection and the cells within that ray are updated 
immediately.  This is known as ART.  Improved 
reconstructions can be obtained using the SIRT algorithm, 
where fi is updated by first calculating ∆fij for all the 
projections and using the average as ∆fi: 

Further improvements can be obtained by replacing 
Equation (3.2) with: 
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where L is the length of the ray and α is a relaxation 
parameter allowing control of the strength of the 
adjustments. 

Convergence can be determined using criteria such as 
the difference between measured and calculated 
projections [12], or the total change made to the 
reconstruction for the iteration ( ∑∆fi ). 

 
3.2 Fuzzy C-Means Segmentation 
 
Fuzzy C-Means (FCM) image segmentation is a pixel 
classification technique based on statistical pixel features, 
usually mean and standard deviation [13].  This is 
achieved in an iterative manner, assigning membership 
values to each pixel according to their distance from each 
image class centroid. 
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Consider an image with n pixels or cells, to be segmented 
into c classes.  Let {x1, x2, …, xn} form set X, where each 
element xk is a vector containing the pixel features of 
pixel k.  Each class, or fuzzy subset, of X, is defined by a 
centroid vi, giving the central features of the class.  X is 
partitioned into these subsets by assigning a fuzzy 
membership value uik to each pixel k, indicating the 
similarity to each class i, where the following conditions 
must be satisfied [14]: 
  (3.4) 0 1 ,iku i≤ ≤ ∀ ,k
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The FCM algorithm is an iterative process, continually 
updating U and V until ∆uik is suitably small.  This is 
done with the following equations: 
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where ik k id x v= −  represents the similarity between 
pixel k and centroid i [13].  The parameter m is a real 
number, affecting the fuzziness of the process. 

Once complete, the membership values are used to 
determine which class each pixel belongs to – 
defuzzification. 

Some advantages of FCM are [14]: 
• unsupervised operation, 
• ability to accommodate any number of classes and 

any number of features, 
• normalised distribution of membership values. 
 
Mohamed et al [14] demonstrated a modification to the 
standard FCM process that improves performance for 
noisy images.  They achieved this by altering the 
calculation of dik, the similarity measure, to take into 
account the fuzzy membership values of neighbouring 
pixels: 
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where pkj is a distance measure between pixel k and its 
neighbouring pixels j, and α is a constant, satisfying 
0 α≤ ≤ that determines the strength of this neighbour 
effect. 

4 The Fuzzy Hull Reconstruction Algorithm 
 
The initial idea was to reconstruct each slice using SIRT, 
followed by FCM segmentation, which shall be referred 
to as the SIRT+FCM method.  While the initial results 
were reasonable, they could be improved upon, since not 
all the information available was actually being used.  
When the reconstructed object is viewed from the same 
direction as one of the original camera images, it should 
project the same silhouette as the camera image.  
Obviously, the process of only using SIRT and FCM 
sequentially did not consider this at all.  The concept of 
the visual hull needed to be incorporated into the 
reconstruction method. 

The proposed algorithm, while still using the principles 
of SIRT and FCM, attempts to maintain silhouette 
consistency by iteratively comparing the reconstructed 
slice and the visual hull and modifying the reconstruction 
based on this comparison.  This method shall be referred 
to as the Fuzzy Hull method.  Figure 4.1 illustrates the 
process.  Furthermore, by restricting processing to within 
the visual hull, instead of the entire slice, processing time 
is reduced. 

 
 
Figure 4.1: Flow diagram of the Fuzzy Hull slice reconstruction 
algorithm. 
 
The term orphans is used to describe rays which are part 
of the original flame silhouette, but are not in the 
reconstruction silhouette.  The pixels in the reconstruction 
slice projecting to these rays are then subject to a further 
Fuzzy C-Means segmentation, in an effort to restore 
silhouette consistency using the most likely pixels.  The 
slice reconstruction is then updated using the FCM and 
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find orphans 

error low 
enough? update SIRT recon 

End 

FCM orphans 

No 
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orphan FCM information and put through the entire 
process again.  Once the number of orphans is 
sufficiently low, or a certain number of iterations have 
been reached, the process ends. 
 
5 Results 
 
The work presented here is still being developed, and 
while the Fuzzy Hull algorithm has only been tested 
using synthetic data, the results are promising. 

The synthetic test object was created in Matlab™ by 
combining several semi-randomly distorted cones, giving 
a flame-like structure sized 100x100x100.  By summing 
the density when viewing the object from a particular 
direction, an intensity image was created representing a 
flame image captured from a camera.  These projected 
images are used as the input data for the reconstruction 
algorithms.  Both the SIRT+FCM algorithm and the 
Fuzzy Hull algorithms were tested, so that both 
techniques may be compared. 
 

 
(a)   (b) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(c)   (d) 
 
Figure 5.1: The original object (a) is reconstructed from 5 
views using: (c) the SIRT+FCM algorithm, (d) the Fuzzy Hull 
algorithm. (b) shows an example of the intensity images used to 
simulate the flame images. 
 

Figure 5.1 shows that the Fuzzy Hull algorithm gives a 
visually superior reconstruction to the sequential 
SIRT+FCM method.  For a more quantitative analysis 
several criteria are defined to judge the reconstruction: 
 

i. Total error:  The total reconstruction error, 
defined as:  

 
( )

100 %p n
tot

f f

total object voxels

+
Ε = ×  (5.1) 

where fp and fn are the false positive and false 
negative voxel identifications.  A voxel, or volume 
pixel, is the 3D equivalent of a pixel. 

ii. Volume Error: Percentage difference between 
original and reconstructed volumes. 

iii. Surface Area Error: Percentage difference 
between original and reconstructed surface areas. 
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Figure 5.2: Graphs of the error estimates from the 
reconstructions. 
 



Figure 5.2 shows the Fuzzy Hull algorithm to be a 
significant improvement on the SIRT+FCM algorithm.  
The error estimates are shown for different numbers of 
views used in the reconstruction, since the number of 
cameras to be used in the real setup has not yet been 
finalised, although five are likely to be used.  As one 
would expect there is a general reduction of error with an 
increase in number of views.  The surface area error 
would appear to be increasing, but this is most likely a 
result of positive errors balancing negative errors. 

It is acknowledged that these results are obtained using 
an artificial object, and that reconstructions with real 
flame images may not be as good.  However, it is 
important to ensure that the reconstruction algorithm 
works well on ideal data, before using real data and this 
has been done. 

Several issues need to be addressed in order to 
implement the algorithm into a real system. 
• Camera calibration: A simple calibration system 

needs to be developed to determine the angle 
between cameras and the size of the flame. 

• Contour extraction: In order to implement the 
Fuzzy Hull algorithm, which uses the visual hull 
concept, the flame silhouette must be extracted from 
the images.  A pixel intensity ratio method, as used 
by Yan et al [3], will be attempted. 

• Spatial Coherence: The Fuzzy Hull algorithm does 
not consider the effect of neighbouring slices.  This 
will be addressed if necessitated by results from real 
data. 

• Iso-Surface Creation: Currently the volumetric 
reconstruction data is transformed into a polygonal 
model by Matlab™.  The Marching Cubes algorithm, 
or a variation known as Adaptive Skeleton Climbing 
[15], will need to be implemented.  Alternatively the 
reconstruction may be left in voxel format. 

• Flame analysis: The flame reconstruction must be 
more comprehensively analysed considering the 
application of high voltage flashover research. 

 
6 Conclusion 
 
The integration of algebraic tomography and fuzzy image 
processing into an algorithm capable of solving sparse 
view tomography problems has been demonstrated.  
Incorporating a silhouette consistency constraint gave 
improved results by allowing the use of all the 
information available from the images.  Using a synthetic 
flame-like object the Fuzzy Hull algorithm produced 
geometrically accurate reconstructions with a relatively 
low total error.  While the algorithm has yet to be tested 
with real fire images, reasonable success is expected, 
given the promising results achieved so far. 
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