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French South-African Technical Institute in Electronics
at the

Tshwane University of Technology
Staatsartillerie Road, Pretoria, South Africa

vanwykb@tut.ac.za vanwykma1@tut.ac.za

ABSTRACT
A novel discrete tracking framework is presented
and applied to the problem of predicting the chaotic
dynamics of the output current generated by a
Switched-Mode Power Supply (SMPS). This frame-
work is related to Particle Filter methods but dif-
fers by using the concept of a discretised Frobenius-
Perron operator for evolving and transforming prob-
ability density functions (pdfs). The resulting algo-
rithm is shown to be completely expressible in terms
of linear algebraic operations.
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1. Introduction

Several solutions to the tracking problem exist. Per-
haps the most well known of these approaches is
Kalman filter-based tracking [2]. The Kalman filter
(KF) assumes linear dynamical and measurement
models in the presence of white Gaussian noise con-
tamination. In an attempt to address this restriction
of the Kalman filter, attempts have been made to
extend it to cope with non-linearity. The extended
Kalman filter (EKF) is based on the local derivatives
of the non-linear system. Another approach, termed
the unscented Kalman filter (UKF), is based on the
unscented transformation that preserves at least the
two first statistical moments through a linear system
by carefully choosing the points where the model is
evaluated. The problems experienced in application
of EKFs for tracking is that there is no guarantee that
the linearized model used in the EKF gives a stable
algorithm [3].

A scheme that is totally liberated from the linear-

ity assumptions encountered in the derivation of the
KF is the Particle Filter (PF) or sequential Monte
Carlo approach. The price to be paid for this lib-
eration is the approximation of probability densities
by discrete points (so-called particles). This suite of
techniques has proven to be very powerful as track-
ing algorithms [4], [5]. Another approach proposed
for target tracking and which is closely related to a
PF is the point-mass filter introduced in [6]. It dif-
fers from a PF by introducing a fixed uniform grid
on which pdfs are sampled. Only those points on the
grid corresponding to significant probability point
mass are retained for evolving pdfs and for calcu-
lating averages.

In this paper we propose another scheme that
is related to PF methods namely the Discrete
Frobenius-Perron (DFP) filter. This method differs
from PF methods by using the idea of a discretized
Frobenius-Perron operator for evolving and trans-
forming pdfs [7]. The resulting algorithm can be ex-
pressed completely in terms of linear algebraic op-
erations.

The paper is organized as follows. Section
2 briefly reviews the concept of a Frobenius-
Perron operator after which Section 3 presents the
Frobenius-Perron tracking framework. The problem
of predicting the chaotic dynamics of the output cur-
rent in the next switching cycle, using only the mea-
sured current in the current switching cycle gener-
ated by a Switched-Mode Power Supply (SMPS), is
addressed in Section 4. Simulation results are pre-
sented and discussed in Section 5, followed by the
conclusion and recommendations in Section 6.



2. The Frobenius-Perron Operator

Even though Frobenius-Perron operators can be
defined for a general transformation on a σ-finite
measure space, for the purpose of our presenta-
tion here, we only consider transformations on a
bounded region of Rd. Let Ω be a bounded region
of Rd and let S : Ω → Ω be a non-singular trans-
formation in the sense that m(S−1(A)) = 0 for all
measurable sets A such that m(A) = 0, where m

is the Lebesgue measure on Rd. The Frobenius-
Perron operator P defined below gives the evolution
of probability densities governed by the determinis-
tic dynamical system S.

Definition 1 The operator P ≡ PS : L1 ≡
L1(Ω)→ L1 defined by

∫

A

Pfdm =

∫

S−1(A)
fdm for all measurable A

(1)

is called the Frobenius-Perron operator associated
with S.

It is obvious that Frobenius-Perron operators are
linear operators. A linear operator on L1 is called a
Markov operator if it maps nonnegative functions to
nonnegative functions and preserves their L1 norm.
From the above definition we see immediately that
the Frobenius-Perron operator is a Markov operator
and that its operator norm is 1. Frobenius-Perron
operators can also be introduced more intuitively by
considering consecutive iterations of an ensemble of
initial states [8]. The operator P that maps the pdf f
of initial states to the pdf of next states is precisely
the Frobenius-Perron operator corresponding to the
transformation S, as defined by (1). Some theoreti-
cal aspects of this operator are presented in [1].

In order to derive the Frobenius-Perron Opera-
tor and the evolution of pdfs associated with a non-
linear system in practical applications where these
are mathematically intractable a numerical scheme
is required. We outline Ulam’s method for comput-
ing a pdf f∗ of the Frobenius-Perron operator asso-
ciated with the mapping S [1]. Let the state space
Ω be divided into and n set partition I1, I2, · · · , In.
We may view these disjoint sets of the partition as
discrete quantized states of the system S in which
case the Frobenius-Perron operator is described by

an n× n matrix P = [Pij ] defined by

Pij =
m(Ii ∩ S

−1(Ij))

m(Ii)
, (2)

Following along the same lines as the Monte
Carlo approach described in [1], the basic idea is
that within each partition set Ii of the state space,
Ni points are selected which are denoted {zi,k}

Ni

k=1.
For any pair of intervals (Ii, Ij) with i, j = 1, ..., n,
let qij be the number of points S(zi,k) in Ij for
k = 1, ..., Ni. We therefore have

Pij ≈
qij

Ni
=

]{S(zi,k) ∩ Ij}

Ni
. (3)

which is easier to calculate than equation 2. Here
]X denotes the cardinality of the set X . To simplify
the analysis noise was modelled as an integral part
of the dynamical mapping S.

3. The Frobenius Perron Tracking
Framework

A Bayesian inference tracking framework usually
involves prediction followed by correction. By us-
ing the necessary independence assumptions, pre-
diction at the k-th frame based on the measurements
{y0, ..., yk−1} is given by

p(xk | y0, ..., yk−1) =
∫

p(xk | xk−1)p(xk−1 | y0, ..., yk−1)dxk−1, (4)

and correction by

p(xk | y0, ..., yk) ∝ p(yk | xk)p(xk | y0, ..., yk−1).
(5)

In equations 5 and 4, xk is the hidden state of the
system and yk is the deformed observed state. Asso-
ciated with the hidden and observed states are sys-
tem and observation models.

If we partition our system into N discrete states,
{x

(i)
k }

N
i=1, p(xk | y0, ..., yk) can be approximated by

p(k|0,...,k) = [P (x
(1)
k | y0, ..., yk), ..., P (x

(N)
k | y0, ..., yk)],

(6)
and p(xk | y0, ..., yk−1) can be approximated by

p(k|0,..,k−1) = [P (x
(1)
k | y0, ..., yk−1), ...

..., P (x
(N)
k | y0, ..., yk−1)]. (7)



Furthermore a discrete version of P (x(i)
k | x

(j)
k−1) is

given by
P := (Pij), (8)

where P is the Frobenius-Perron matrix derived
from the possibly non-linear system model and
i, j = 1, ..., N corresponding to the N hidden states
of the system. A discrete version of P (yk | xk) is
obtained in a similar manner and given by Q, where
Q is the Frobenius Perron matrix derived from the
possibly non-linear observation model.

Given p(k|0,...,k−1), p(k|0,...,k), P and Q, the
Bayesian predictor and corrector equations can be
approximated by the Frobenius Perron tracking
equations

p(xk | y0, ..., yk−1) ≈ p(k|0,...,k−1) = p(k−1|0,..,k−1)P,

(9)
and

p(xk | y0, ..., yk) ≈ p(k|0,...,k) (10)

where p(k|0,...,k) := (P (x
(i)
k | y0, ..., yk)), i =

1, ..., N (since there are N hidden states),

P (x
(i)
k | y0, ..., y

(l)
k ) ∝ Qi l P (x

(i)
k | y0, ..., yk−1)

(11)
and l ∈ (1, ...,M) (corresponding to one of M ob-
served states) is the index of the discrete state of the
observed variable yk. The elements of p(k|0,...,k)

are normalized to sum to one. Equation 9 is the
Frobenius-Perron predictor equation and equation
11 is the Frobenius-Perron corrector equation. The
expected value of the predicted state for each frame
k is calculated using the predicted probability vec-
tor p(k|0,...,k−1). Refer to [7] for a continuous state
analogue of this framework.

The power of this framework is the ease with
which pdfs can be evolved and transformed: One
can predict r steps ahead by simply substituting P

in the formulation by Pr. Given a discrete state,
say x

(3)
k a discrete version of P (xk+1 | x

(3)
k ) is

given by the third row of P. As an example con-
sider the third row of the P matrix we will derive
for the SMPS problem, shown in figure 1. Obtaining
P (xk+r | x

(1)
k ) is then simply a matter of calculat-

ing Pr. F igures 2 and 3 represent P (xk+2 | x
(3)
k )

and P (xk+5 | x
(3)
k ), respectively. Figure 4 repre-

sents P (xk+10 | x
(3)
k ) which shows that as r gets

big P (xk+r | x
(3)
k ) tends to the invariant density.
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Figure 1: Discrete approximation of P (xk+1 | x
(3)
k )

where N = 50.
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Figure 2: Discrete approximation of P (xk+2 | x
(3)
k )

where N = 50.
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Figure 3: Discrete approximation of P (xk+5 | x
(3)
k )

where N = 50.

4. The SMPS Tracking Problem

As an application of the DFP tracking framework
we considered a difference equation that relates the
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Figure 4: Discrete approximation of P (xk+10 |

x
(3)
k ) where N = 50.

output current of the next switching cycle to the out-
put current of the present cycle of a Switched-Mode
Power Supply (SMPS). A detailed description and
analysis of the SMPS and its chaotic dynamics can
be found in [1] and references therein. The dynam-
ics of the hidden variables generated by the SMPS is
described by

xn+1 = xn + b sat(a[1− xk])− c (12)

where sat(x) = min(max(0, x), 1). For our experi-
ment we have chosen a = 4, b = 1 and c = 0.201.
As shown in [1] and references therein the system
exhibits highly non-linear chaotic behaviour for this
choice of values. The observed variables yn were
obtained using the logistic map, i.e.

yn = 1− x2
n. (13)

5. Simulation Results

Figure 5 shows the observed, predicted and true hid-
den states where i.i.d. Gaussian noise with a stan-
dard deviation of 0.01 was added to the right hand
sides of the process and observer models (refer to
equations 12 and 13). For our experiments the num-
ber of states was chosen as 50 (n = 50). The in-
verse non-linear relationship between the observed
and hidden states is clearly visible. The error be-
tween the predicted and true hidden variables are
shown in figure 6. The observed, predicted and true
hidden states where i.i.d. Gaussian noise with a stan-
dard deviation of 0.05 was added to the process and
observer models are shown in figure 7. The degra-

0 5 10 15 20 25 30 35 40 45 50
5

10

15

20

25

30

35

40

45

Sample number

S
ta

te

Predicted state
True state
Observed state

Figure 5: True, predicted and observed states for a
standard deviation of 0.01 for both the process and
observer models.
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Figure 6: Difference between the predicted and true
values for a standard deviation of 0.01 for both the
process and observer models.

dation in performance due to an increase in noise is
clearly visible.

Noise stdv DFPF rmse BFP rmse
0.01 0.019 0.044
0.05 0.075 0.053
0.10 0.151 0.071

Table 1: Root mean square error for the Discrete
Frobenius-Perron Filter (DFPF) and the Bootstrap
Particle Filter (BFP).

The performance of the Discrete DFP tracking
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Figure 7: True, predicted and observed states for a
standard deviation of 0.05 for both the process and
observer models.
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Figure 8: True and predicted states when predicting
four steps ahead with a standard deviation of 0.01
for both the process and observer models.

framework was compared to the performance of the
well-known Bootstrap particle filter developed by
Gordon et. al [9] with 500 particles. From table
1 it is clear that the bootstrap filter outperformed the
DFP filter (with n = 50) for this specific application
when the standard deviation of the additive noise ex-
ceeded 0.05. The DFP filter performed slightly bet-
ter than the bootstrap filter for a noise standard de-
viation of 0.01. For this experiment new P and Q

matrices were calculated for each noise value.

The performance of the DFP filter when predict-
ing 2, 3, 4 and 5 steps ahead is shown in table 2.

Steps ahead DFPF rmse
1 0.019
2 0.045
3 0.125
4 0.159
5 0.203

Table 2: Root mean square error for the Discrete
Frobenius-Perron Filter (DFPF) when predicting 1
to 5 steps ahead.

As expected there is a degradation in performance
as the number of steps increase. The noise standard
deviation for this experiment was chosen as 0.01.

6. Conclusion and Further Work

A novel tracking framework was derived using the
concept of a discretized Frobenius-Perron operator
for evolving and transforming probability density
functions. The resulting algorithm was shown to
be completely expressible in terms of linear alge-
braic operations and preliminary simulation results
were reported. Work in progress includes applying
the framework to more general classes of non-linear
tracking and filtering problems. The relationship be-
tween the value for n and the performance of the
DFP filter is also planned for future work.
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