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Abstract
The problem of recovering three-dimensional information from
two-dimensional projections has become a major task in many
fields. The core of Structure from Motion is recovering the
three-dimensional structure of an object from a sequence of
projections. This paper addresses the problem of building a
video based traffic monitoring system by employing clustering,
tracking and three-dimensional reconstruction of moving ob-
jects from a long image sequence. In this study we have ap-
plied an algorithm based on Robust Optical Flow (ROF) and
Unscented Kalman Filter (UKF) to track and estimate the struc-
ture and motion of the moving objects. The separation of the
objects was possible by the use of the k-means clustering algo-
rithm. The system is able to recover the shapes of objects even
if the clustering algorithm falls. The system was tested using
both synthetic and real data.
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1. Traffic Monitoring System
Traffic Monitoring System is an advanced technology-based
services that enable officials to efficiently manage transporta-
tion systems, control-and transport management. Based on al-
gorithms provided in [10], [7], [3] and [5], we have developed
a three-dimensional motion-and structure estimation, speed cal-
culation and tracking algorithm.

1.1. Background Extraction

Given a sequence of video frames, first we extract the back-
ground and then track some features including corners and
edges. The computation of the background will consists on de-
termining which features are static using pixels values [18]. The
difference between the computed background and the original
image will result of moving objects. Background computation
is view dependent. Therefore, for each video sequence a corre-
sponding background must be extracted.

1.2. Objects Clustering

Automatic clustering techniques have received a great deal of
attention [16]. K-means clustering is an algorithm to classify or
to group objects based on attributes/features into k groups. The
grouping is done by minimizing the sum of squares of distances
between the data in each cluster and the corresponding cluster
centroid (See [16] for more information).
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Figure 1: a: General Street view, b: computed background and c:
moving objects

Consider a set of features tracked over m frames

x =

»

xi,1 xi,2 · · · xi,m

yi,1 yi,2 · · · yi,m

–

. (1)

So the similarity value r can be calculated from the distance
between these m features in the image as

ri,j,k =
p

(xi,k − xj,k)2 + (yi,k − yj,k)2 (2)

A set of observations for which the pairwise distance r is
smaller than the given threshold is considered a cluster. We use
value of 12 as our threshold. We have tested our system using
images which contains more than one object and the result can
be seen in figure 2. The number of clusters k was automati-
cally computed using available Matlab software. We provide
Matlab with euclidean distance parameter r = 12 to compute
the number of feature groups.
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Figure 2: Objects Clustering: a: Classified objects, and b: Shape of
classified objects

2. Objects Tracking
Multiple objects detection and clustering are the key functions
in any surveillance systems.



2.1. Tracking Problem

Vehicle tracking can be a difficult as it involves tracking fast
moving objects in outdoor scenes [22]. Object tracking has two
main problems. The first is locating prominent features that can
be accurately detected in the images. The second is dealing
with features which can disappear or reappear during a video
sequence. That is why we have applied dense optical flow.

2.2. Feature Selection

There exist many methods to find boundaries and edges in im-
age, but tracking them is still challenging [10]. Once the fea-
tures has been detected using Harris Corner Detector [12], the
next step is to segment the flow list into clusters which represent
different objects. Finally, after the list of independent clusters
has been found, we begin the tracking process using Robust Op-
tical Flow.

2.3. Optical Flow Estimation

Optical flow is the velocity field which warps one image into an-
other image in a sequence. This 2D velocity field describes the
apparent motion of the image brightness pattern subjects to the
image brightness constancy constraint. Therefore, optical flow
reflects the motion changes during a time interval ∆t. It is the
projection of the 3D velocity field on the image plane. Notice
that the motion field is the combination of two components, one
of which depends on translation only, the other on rotation only.

In this paper, we have applied dense optical flow meaning
optical flow at every pixel computed at each pixel. In his
thesis [5], Black has formulated an approach of robust and
incremental optical flow, which provides useful information
about motion and depth difference in a sequence of video
images. We explore the contribution of Black and we will show
that optical flow can be used for 3D reconstruction problems if
the motion is computed robustly.

The first problem is recovering the piecewise smooth flow
field in the presence of motion boundaries or the problem of
localizing the motion discontinuities [1], [4]. In reality, any
object’s approximation model is an idealization which can be
violated in practice. The most common violations are of the
data conservation, spatial coherence, and temporal constraints.
Data conservation and spatial coherence are the two main con-
straints which are exploited to compute optical flow robustly.
The Nyquist theory says that to accurate describe frequency f
without aliasing, the sampling rate must be ≥ 2f [8]. In prac-
tice we can find cases in which the changes are faster than the
sampling rate1 or the objects’ boundaries are occluded, there-
fore, there is no guarantee that the assumptions are not violated.

The edges are the main features which describe the object’s
shape. The computation of edges’ velocities can be done over
all images (see figure 3). One of advantage of optical flow is
its ability to detect object boundaries. Combining motion and
intensity information will improve the accuracy of motion seg-
mentation [2].

Let f be a function representing a dynamic image as a func-
tion of position (x, y) and time t. The observed brightness
of a pixel of any object is constant over time f(x, y, t) =

1In our case the sampling rate was 24 frames per second)
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Figure 3: a: Moving object and b: Optical flow response means object
moves toward to the camera
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Figure 4: a: Motion detection, b: features tracking and c: 3D recon-
struction of object

f(x, y, t+dt). Then we apply the Taylor series to that function:

f(x + dx, y + dy, t + dt) = f(x, y, t) + fxdx + fydy

+ftdt + O2 (3)

where fx, fy and ft represents the partial derivatives of f with
respect to x, y and t respectively. If dx and dy are very small
for a given dt, then the higher order in Taylor series (equation
(3)) vanish. In practice, the partial derivatives are computed
numerically, i.e.

fx =
f(x, y, t + dt) − f(x, y, t)

dt
(4)

Then solving equation (3) for ft we get,

ft = fx
dx

dt
+ fy

dy

dt
(5)

Now we can define the image velocity u and v as

(u, v) =

„

dx

dt
,
dy

dt

«

(6)

Therefore, the motion velocity can be written as

fxu + fyv + ft = 0 (7)

The equation (7) provides the components in the direction of
brightest gradient.

The main goal in optical flow is determine the velocity com-
ponents (u, v) that satisfy equation (7). The error in equation
(5) is given by

Er(i) =
X

R

W (x, y)(fxu + fyv + ft)
2 (8)

where R is a region (image) and W (x, y) a window function.
The overall error is is just a penalized minimization problem

Er = min
m
X

i=1

Er(i) + Pi (9)



The constants Pi are penalty constraints due to a large region.
Er is a function of u and v, then it has minimum where its
gradients are all zeros. The resulting system of equations is

»

−
P

Wfxft

−
P

Wfyft

–

=

»
P

Wf2
x

P

Wfxfy
P

Wfxfy

P

Wf2
y

–»

u
v

–

(10)

The best solution of above problem, can be achieved by em-
ploying standard iterative least-square optimization techniques
[19], [14]. Define a =

P

Wf2
x , b =

P

Wfxfy, c =
P

Wf2
y ,

d = −
P

Wfxft, e = −
P

Wfyft and f =
P

Wf2
t , then

the solution is:

(u, v) =

„

cd − be

ac − b2
,
ac − bd

ac − b2

«

(11)

The error valuation at each iteration is given by:
Ei

r = f + au2 + cv2 + 2(ud + ve + uvb). The itera-
tion will end after N2/2 iteration with N the width of the
image. The reader is advised to see [20] for more information.

We apply optical flow data to calculate how a object is rotat-
ing and translating over time. Consider figure 3, the left side 3a
contains the moving object while the right side 3b is the vertical
velocity of the object. That velocity shows us exactly in what
direction the object is moving giving us the motion orientation.

2.4. Tracking

First the edges and boundary features are detected. Then we ap-
ply optical flow over all detected features. From SfM problem,
if the motion can correctly recovered then so is the structure (see
figure 5).

241 edge and boundary points at frame 60.
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Figure 5: a: Edges detection, b: feature’s trajectory and c: 3D recon-
struction of the object

Since features share the same motion (valid for only few
frames) then there is no need to track features over many frames.
The vehicle tracking will consist of tracking its center. We have
achieved this goal by computing the center of the features and
then determining their center as the means of tracked features,
that is,

(CxCy) =

 

1

n

n
X

i=1

xi,
1

n

n
X

i=1

yi

!

. (12)

3. Algorithm
In this paper, we implement a multi-estimation algorithm. Our
algorithm implements the Corner detector, Robust Optical
Flow and Unscented Kalman Filter. The ROF is used to track
features detected by Corner detector while UKF to estimate the
hidden state, namely the structure and motion.

3.1. 3D Reconstruction

We choose non-ambiguous representations or three-
dimensional models which describe the state variables
and measurement estimates. Broida and Chandrashekhar in [6]
proposed the use of models that implement three state variables
per feature to describe the translation and rotation. Quaternions
are used to describe the rotation and corresponding velocity
combined with an estimate. Different translation models lead
to different implementations [21], [23] and [13]. Our algorithm
is a multi-estimation method: the current estimated object is
the result of applying different Kalman Filters to compute the
structure and motion separately from each other. Therefore,
at every Kalman loop three different Kalman Filters will be
used to produce the current estimate of the object, one each for
structure, rotation and translation. Given a point pτ in
CCS then it is related to its OCS, p0

2 at time τ by

pτ = RτpO + Tτ , (13)

where Rτ represents an orthogonal matrix, and Tτ
3 is the

translation vector which positions the OCS in relation to the
CCS, at time τ .

The positive x-axis points toward the right, and the positive
y-axis upward. Consider (px, py, pz) be a 3D point, f the fo-
cal length and H be a function which maps P = (px, py, pz)
into the image plane projection (Zx, Zy) or xy − plane. It’s
projection is defined as (cf. [17]),

H[P] =
f

pz + f

»

px

py

–

(14)

We define

Oz =
pz

f
, (15)

then equation (14) can be rewritten as

H[P] =
1

1 + Oz

»

px

py

–

. (16)

The function H is not a one-to-one transform, therefore it can
be defined as a non-linear projection function.

3.2. The Structure Model

Consider the CCS point p = [px, py, pz]
T . From equation (16)

this point projects onto the image plane of the camera as

z =

»

zx

zy

–

=

»

px/(1 + pz/f)
py/(1 + pz/f)

–

. (17)

If this point is scaled around the focal point of the camera
(0, 0,−f), the resulting scaled point p̂ still projects to the same
image plane projection z. Accordingly, if p̂ is the scaled version
of p,

p̂ = α

2

4

px + 0
py + 0
pz + f

3

5+

2

4

0
0
−f

3

5 , (18)

it projects onto the image plane as

ẑ =

»

αfpx/(αpz + αf)
αfpy/(αpz + αf)

–

. (19)

2Since the object is rigid, p0 does not depend on time.
3T translates OCS in relation to the CCS.



The principle is central to the homogeneous coordinates in the
projective plane of projective geometry, discussed in [9]. We are
therefore free to choose any value of α for our estimate of the
object. For simplicity, we choose α to be the value that places
the initial OCS origin at zero. Thus for ϕz(0) = 0, we define

α(ϕz(0) + f) − f = 0. (20)

In order to complete our structure model, we introduce a vari-
able b(τ ) for each point. This value is used to fully describe the
object in the OCS. It is related to the scaled z-component pz at
time τ by

b(τ )n = α(pz(τ ) + f) − f (21)

Then we can write a point’s equation as

pn(τ ) =

2

4

znx
(τ )(1 + bn(τ )/f)

zny
(τ )(1 + bn(τ )/f)

bn(τ )

3

5 . (22)

This result shows that given the single parameter bn, all of the
components of pn can be correctly reconstructed over time (up
to a scale factor α) from the known observation zn of the nth
point in the set of N . From equation (13) we can therefore write
the OCS location of a point as

pOn
= R

−1(τ ) (pn(τ ) − ϕ(τ )) . (23)

The structure can therefore be represented in terms of the initial
orientation of the OCS. This means that the structure estimate
is represented by one parameter βn(τ ) per feature, which is the
time-varying estimate of β(0) at time τ . We are free to choose
the initial rotation estimate R(0) as the rotation matrix which
aligns the OCS-axis with the CCS-axis, so that R(0) = I. From
equation (20) we have already chosen ϕz(0) = 0. We choose
(ϕx, ϕy) as the centroid z̄ of the initial image plane projections
of the object points. Therefore, our estimated OCS structure is
defined as

pOn
(τ ) =

2

4

zx(0)(1 + β(τ )/f) − z̄x(0)
zy(0)(1 + β(τ )/f) − z̄y(0)

β(τ )

3

5 , (24)

which is fully described by a set

xs = [β0, β1, β2, . . . βN−1] , (25)

and

ρ = [z0(0), z1(0), z2(0), . . . zN−1(0)] , (26)

where xs consists of the current estimate of the initial scaled
z-component of each point in the OCS, and ρ consists of the
initial observations.

3.3. Initializing

3.3.1. State Variables

We set q to the vector (1, 0, 0, 0) regardless of initial infor-
mation since the initial rotation is the identity matrix. From
section 3.2 we have already chosen (tx(0), ty(0), tz(0)) =
(z̄x(0), z̄y(0), 1). However, all the state variables require ini-
tialization, and sensible values must be chosen if they cannot be
obtained from other source(s). These include the β values, the
initial rotational velocity ω and the initial translational velocity
d. The ω values are initialized to zero, indicating that the algo-
rithm assumes zero rotational velocity. When nothing is initially
known about the structure of the object, βn(0) = (zx, zy, 0) is a
good choice for each point, since from equation (24) this makes
the initial estimated object appear to be a flat plane parallel to
the image plane.

3.3.2. Process and Measurement Noise Values

In the previous sections, numerous references were made to the
quantities Qs, Qq, Qω , Qtxy

, Qtz
and Qd. These are, re-

spectively, the structure noise, rotation noise, rotational veloc-
ity noise, xy-translation noise, z-scaling noise and translational
velocity noise. A suitable value for the process noise is found
through experimentation to be 10−2. Measurement noise may
be estimated from knowledge about the system, in our case it
is the image resolution. Our image is, for example, 576 by 720
pixels. We first scale the image so that its coordinates lie be-
tween 0 and 1 in both the x and y axis. Therefore, 1 pixel
difference produces an error less than 0.00164 . If optical flow
can correctly recover the motion then from SfM problem we
can also recover the object’s shape (see figure 4).

4. System Calibration

The system calibration is crucial for surveillance systems, par-
ticularly for 3D estimation accuracy [11], [15]. We take a video
sequence of a known car and we register its speed and dimen-
sions using 3D data. Calibration consists on determining the
3D scale factor. Therefore, using the recovering 3D motion we
are able to compute car’s velocities at given time. We observe
where the 3D reconstructions of the motion, shape and speed
begins to be stable (constant) and we assume only from that
point the 3D data to be correct. Figure 7 shows the recover-
ing of z-component and figure 8 shows the linear velocity and
translation.
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Figure 6: Calibration: Structure recovering of the object in data set 1:
x and y coordinates

We see in figure 9 that the 3D reconstruction of the motion
was correct, so is the shape. In that experiment we take a se-
quence containing two cars with known data (speed). We run
the test over one of known data (car) and we save the computed
distance and speed. Next, we run the same experiment using
saved data for the other car in the same sequence. The results
have confirmed that our code was correct. Now we can apply
the code to any sequence 5.

It is important to point out that in our experiments we did
not use the ground truth. As a result we can not present any
comparison between our system output i.e. our system distance
measurement and ground truth distance.

4This mean error will be used as global measurement noise value
error.

5It is important to point out that if the camera moves or camera’s
focal length changes (zooming) the system must be re-calibrated
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Figure 7: Calibration: Structure recovering of the object in data set 1:
z coordinate
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Figure 8: Calibration: Translation and velocity recovering in data set
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Figure 9: Calibration: a: Recovered motion, and b: 3D reconstruction

5. Conclusions
Robust optical flow forms the mathematical basis of a power-
ful tracking system tool, motion recovering and facilitating the
three-dimensional reconstructions. In this paper, an algorithm
is proposed which implements the framework of background
extraction, Robust Optical Flow, Corner -and Kanade-Lucas-
Tomasi Tracker in conjunction with the Unscented Kalman Fil-
ter. It is shown that ROF estimates the motion very well, even
in situation where KLT decides that the feature is not suitable
for tracking, i.e. edge points. We compute the object’s speed
using the 3D information supplied by the Unscented Kalman
Filter. We observed that initializing the system with minimal
information about a flat object, the algorithm converges slowly.

In general, the system as the following advantages:

1. The sequence may contain one or more moving objects.

2. The object must be rigid but can be subject to perspective
projection.

3. The system can be used for real-data applications.

4. The system can easily be employed in other surveillance
systems.

Although we just shown some advantages of the present al-
gorithm. The system has following constraints:

1. The sequence must have a minimum of eighty frames.

2. The background needs to be updated for every long image
sequence.

3. The features used for reconstruction must belong to one
moving object.

4. Only features tracked through the entire sequence can be
used for three-dimensional reconstruction.
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