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Abstract
Subdivision schemes are widely used in various appli-
cations such as data-fitting, computer graphics and solid
modeling. In this paper we explain the basic ideas behind
subdivision schemes for curves. Both interpolatory and
corner-cutting schemes are covered, as well as their adap-
tation to finite sequences. Our experiments show that for
specific applications they are viable alternatives for the
more standard approximation techniques such as splines.

1. Introduction
Suppose we are given a bi-infinite sequence of points
c(0) = {cj}, j ∈ Z, and we are interested in approxi-
mating these points with a smooth curve. Standard ways
of doing this may involve constructing an approximating
function, e.g. an interpolating spline. Then, in order to vi-
sually represent the approximating function in computer
applications, the function needs to be evaluated on a suffi-
ciently dense set of points. Subdivision schemes skip the
first step by creating a dense set of points directly from
the given points, i.e. there is no need to first construct the
approximating function and then evaluate it. In practice
this leads to considerable savings in computational cost.

Of course, if the original points contain noise, the ap-
proximating curve need not pass through them, i.e. the
approximating curve should not be interpolatory. This
can be achieved in different ways. It is possible to first ap-
ply a smoothing operation to the given points and then do
an interpolation, or one can use something like a smooth-
ing spline. In this paper we describe two techniques
of subdivision, one interpolatory and one smoothing (or
corner-cutting).

Consider the following simple iterative procedure:
Start with a set of points c(0), called the original control
points, and generate a new set of control points c(1) by
taking a linear combination of the original control points.
Then repeat this until the desired density is achieved.

For example if one generates the new control points
using the simple linear combination

c
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(0)
j+1), j ∈ Z, (1)

then the even-indexed elements of the new control points
are simply the original points and the odd-indexed el-
ements are generated halfway between the old control

points. This step is then repeated indefinitely, roughly
doubling the number of points at each step. In this case
the points fill in or converge to the straight lines connect-
ing the initial control points, as illustrated in Figure 1.
Thus we obtain a continuous piecewise linear curve.

(a) original control points (b) control points after one iteration

Figure 1: Illustration of the iterative procedure (1)

This simple procedure is an example of a subdivision
scheme. In general, given a sequence a = {aj}—called
the mask of the subdivision scheme—and a sequence of
control points c, we define the corresponding subdivision
operator S by

(Sc)j =
∑
k∈Z

aj−2kck, j ∈ Z. (2)

The resulting subdivision scheme is then defined, for a
given sequence of control points c, by

c(0) = c, c(r+1) = Sc(r), r = 0, 1, . . . , (3)

or, equivalently,

c(0) = c, c(r+1) = Sr+1c, r = 0, 1, . . . . (4)

Note that the nature of the subdivision scheme is de-
termined by the choice of the linear combination in gen-
erating the new control points at each iteration, i.e. the
mask. There is no unique or best way of choosing a
mask. One possibility is to demand that if the original
control points fall on a polynomial of degree 2n − 1,
then the newly generated control points must lie on the
same polynomial. This is, in fact, the idea behind Dubuc-
Deslauriers subdivision scheme [1, 2], which is also sym-
metric and interpolatory. In Section 2, we develop this
idea to derive explicit formulae for the mask a.



The key therefore is to find an appropriate mask. The
choice of the mask determines (i) whether the subdivision
scheme is interpolatory or smoothing (corner-cutting),
(ii) the convergence of the scheme, and (iii) the smooth-
ness of the final curve.

These issues are closely related to the existence of
a refinable function, as briefly discussed in the sections
below, and refinable functions provide a link to wavelets,
see e.g. [3].

In Sections 2 and 3 we introduce interpolatory and
corner-cutting subdivision schemes and their correspond-
ing refinable functions, for infinite as well as finite se-
quences of control points.

2. Interpolatory Subdivision
In this section we introduce the well known Dubuc-
Deslauriers subdivision scheme as an optimally local,
curve filling iterative procedure that reproduces polyno-
mials of a given odd degree. We then indicate how the
limit curve for the Dubuc-Deslauriers scheme depends
on the existence of an associated refinable function and
provide an adaption of this scheme for finite sequences.

2.1. Construction of the mask

Suppose the original control points fall on a polynomial
p of degree 2n− 1, i.e. c

(0)
j = p(j), j ∈ Z. Consider the

problem of finding the shortest possible mask a such that
all the subsequent iteratives c(r) fall on the same polyno-
mial. More specifically, we require that∑

k∈Z
aj−2kp(k) = p

(
j

2

)
, j ∈ Z. (5)

The mask is derived from the standard Lagrange poly-
nomials of degree 2n− 1, uniquely defined by

`k(j) = δk,j , k, j = −n + 1, . . . , n. (6)

Thus
n∑

k=−n+1

p(k)`k(x) = p(x), x ∈ R. (7)

An explicit formula for these Lagrange functions, for k =
−n + 1, . . . , n, is given by

`k(x) =
n∏

k=−n+1
k 6=j

x− j

k − j
, x ∈ R. (8)

Comparing (7) (with x = 1
2 ) and (5) (with j = 1), it

follows readily that the shortest possible mask satisfying
(5) is given by,

a2j = δj,0, j ∈ Z (9a)
a2j+1 = `−j

(
1
2

)
, j = −n . . . , n− 1, (9b)

a2j+1 = 0, otherwise. (9c)

This mask is known as the Dubuc-Deslauriers mask [2].
Note that (9a) implies that (3) satisfies the interpola-

tory property

c
(r+1)
2j = c

(r)
j , j ∈ Z, r = 0, 1, ..., (10)

i.e. the Dubuc-Deslauriers subdivision scheme is interpo-
latory.

Also, the mask coefficients are symmetric, i.e.

aj = a−j , j ∈ Z, . (11)

Therefore, the Dubuc-Deslauriers subdivision scheme is
interpolatory and symmetric.

For example, if n = 1, equations (9), (2) and (3) yield
for r = 0, the iteration procedure of (1). This subdivision
scheme converges to a continuous piecewise linear func-
tion which interpolates the original control points (see
Figure 1).

For n = 2 we get

a2j+1 =



− 1
16 , j = −2,

9
16 , j = −1,

9
16 , j = 0,

− 1
16 , j = 1,

0, otherwise.

(12)

Subdivision with this mask converges to a smooth
function [2], while still interpolating the original control
points (see Figure 2).

Incidentally, this example is not completely arbitrary.
It is interesting to note that Knuth based his construction
of TEX fonts on ideas remarkably similar to subdivision
schemes [4, Chapter 2], more than 10 years before the
Dubuc-Deslauriers scheme was introduced in [2].

Figure 2 indicates that the Dubuc-Deslauriers subdi-
vision converges to a smooth function for n > 1. This
limiting curve is described in terms of a refinable func-
tion, to be discussed in the next section.

(a) original (+) control points and

control points after one iteration (◦)

(b) original (+) and the control

polygon (–) after 6 iterations

Figure 2: Dubuc-Deslauriers subdivision for n = 2



2.2. Convergence of Dubuc-Deslauriers subdivision

The mask of any convergent subdivision scheme is asso-
ciated with a function φ satisfying

φ(x) =
∑
j∈Z

ajφ(2x− j), x ∈ R. (13)

We call such a function an refinable function.
It can be shown [5] that the Dubuc-Deslauriers choice

of mask generates a convergent subdivision scheme,
which in turn guarantees the existence of the refinable
function φ. Moreover, the refinable function inherits the
mask’s finite support, symmetry, polynomial filling and
its interpolatory properties as follows

φ(x) = 0, x 6∈ (−2n + 1, 2n− 1), (14)
φ(x) = φ(−x), x ∈ R, (15)∑
j∈Z

p(j)φ(x− j) = p(x), x ∈ R, (16)

φ(j) = δj,0, j ∈ Z, (17)

where p is any polynomial of degree ≤ 2n− 1. Also, the
values of the refinable function at the half-integers are the
values of the mask [6],

φ

(
j

2

)
= aj , j ∈ Z. (18)

Finally, given the initial control points c, it can be shown
that the limiting curve f of the Dubuc-Deslauriers subdi-
vision scheme is given in terms of the refinable function
as,

f(x) =
∑
j∈Z

cjφ(x− j), x ∈ R. (19)

Some of these properties are illustrated in Figure 3 below.

(a) φ(x) for x ∈ [−3, 3] (b) φ(x) for x ∈ [2, 3]

Figure 3: Dubuc-Deslauriers refinable function φ and
mask a

2.3. A modified subdivision scheme for finite se-
quences

The algorithms for bi-infinite sequences, as described
in the previous sections, are applied mainly in the case

of periodic sequences. For finite sequences these al-
gorithms must be modified to accommodate the bound-
aries. We consider here a method of adapting the Dubuc-
Deslauriers subdivision scheme of Section 2 to the situa-
tion where the initial sequence c is finite.

The construction of the mask for finite sequences fol-
lows along similar lines as for the infinite case. The diffi-
culty is that some of the values of the polynomial p in (7)
lie outside the finite domain and need to be supplied. This
implies that an alternative mask needs to be constructed
in the vicinity of the boundaries. Following [7], we fit
a polynomial of degree 2n − 1 to the 2n points next to,
and including the boundary. Evaluating the resulting La-
grange polynomials at the half-integers next to the bound-
ary yields the desired mask. The modified scheme for the
left hand boundary (j = 0, 1, . . .) is given by

c
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(r)
j ,

c
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2j+1 =
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aj,kc
(r)
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(20)

where for j = 0, 1, . . . , n− 2 (close to the boundary),

aj,k =

 `k−n+1

(
j + 1

2 − n + 1
)
, k = 0, . . . , 2n− 1,

0, otherwise,
(21)

and for j ≥ (n− 1) (away from the boundary)

aj,k =

 `k−j( 1
2 ), k = −n + 1 + j, . . . , n + j,

0, otherwise.
(22)

If n = 2, for example (21) gives

a0,k = `k−1( 1
2 ) =



5
16 , k = 0,

15
16 , k = 1,

− 5
16 , k = 2,

1
16 , k = 3,

0, otherwise,

and for j ≥ 1 the mask is the same as before (see 12),

aj,k =



− 1
16 , k = 0,

9
16 , k = 1,

9
16 , k = 2,

− 1
16 , k = 3,

0, otherwise.



In the presence of a right hand boundary, the mask
has to be modified in the same way as the left hand mod-
ifications, with the order reversed.

It can be shown that a set of refinable functions exist
for this modified mask (defined similarly as (13)). The
boundary modifications of the refinable function is illus-
trated in Figure 4. The existence of a set of refinable

Figure 4: The refinable functions associated with the
boundary modified mask with n = 2

functions for the boundary modified subdivision scheme
allows one to construct wavelets for finite intervals. It is
remarkable that these wavelets have finite decomposition
and reconstruction sequences [6].

Next we discuss the so-called corner-cutting subdivi-
sion schemes.

3. Corner-cutting Subdivision
The problem with interpolatory subdivision schemes is
that the control points themselves may contain noise in
which case some amount of smoothing would be ap-
propriate. The limit curve of corner-cutting subdivision
schemes does not pass through the control points which
amounts to some degree of smoothing. In this section we
discuss one class of corner-cutting subdivision schemes,
namely the de Rham-Chaikin scheme [8] and its general-
ization, the Lane-Resienfeld scheme [9].

The only difference between the corner-cutting and
interpolatory schemes lies in the choice of the mask of
equation (2). Conceptually masks with positive entries
generate corner-cutting subdivision schemes, since new
control points are a weighted average of the the old con-
trol points. Consider the de Rham-Chaikin mask,

aj =
1
4

(
3
j

)
, j = 0, . . . , 3. (23)

The corner-cutting property of this mask is illustrated in
Figure 5.

Subdivision with the de Rham-Chaikin mask is con-
vergent [8, 10, 3], so that we are guaranteed the existence
of a refinable function. This refinable function turns out
to be the B-spline of degree 2 (i.e. order 3), B2. Accord-

(a) original (+) control points and

control points after one iteration (◦)

(b) original (+) and the control

polygon (–) after 6 iterations

Figure 5: The de Rham-Chaikin corner-cutting subdivi-
sion scheme (23)

ingly the limit curve f of this subdivision scheme is the
quadratic spline, f(x) =

∑
j c

(0)
j B2(x− j).

The limit curve of the Lane-Riesenfeld scheme of or-
der m with mask

aj =
1

2m−1

(
m
j

)
, j = 0, . . . ,m (24)

is the spline of degree m − 1 defined by f(x) =∑
j c

(0)
j Bm−1(x− j) where Bm−1 is the B-spline of de-

gree m− 1 [9]. Note that the smoothness of the limiting
curve increases with m.

All that remains to be done in this example of corner-
cutting subdivision is to modify the scheme in the pres-
ence of boundaries. The problem is the same as before—
we need to supply missing values at the boundary. A
very simple procedure is to repeat the boundary values
as many times as needed. It turns out that this again
leads to a refinable function, this time a spline with mul-
tiple knots at the boundary. Thus the boundary modified
scheme again converges to a spline of the same degree as
defined by the interior mask.

An example of these modified refinable functions is
shown in Figure 6 and of the boundary modified

Figure 6: Boundary modified de Rham-Chaikin refinable
functions

subdivision in Figure 7. Note we have chosen the top
left hand control point as the first and last control points,
hence we get a sharp corner at this point.



(a) original (+) control points and

control polygon (–) after 6 iterations

(b) control polygon after 6 iterations

Figure 7: Boundary modified de Rham-Chaikin subdivi-
sion

Next consider the control polygon of a shark shown
in Figure 3(a). Here we applied the standard de Rham-

(a) Original control polygon

(b) Normal de Rham-Chaikin subdivision

(c) de Rham-Chaikin subdivision with double points defining the teeth

Figure 8: Keeping corners by doubling control points

Chaikin, iterated to convergence, and we obtained the
sorry-looking shark of Figure 3(b)—it clearly is in need
of sharp teeth. This is easily accomplished by doubling
the control points defining the teeth. The result is the
much happier-looking shark of Figure 3(c).

4. Examples
In this section we apply the various subdivision schemes
to a few practical problems. The first example is a dy-
namic signature obtained via a digitising tablet. Fig-
ure 9(a) shows the original signature and the discretisa-
tion effects of this particular tablet should be obvious.

(a) original Signature

(b) interpolatory subdivision (c) corner-cutting subdivision

Figure 9: Smoothing a signature

Since the samples are connected by straight lines,
Figure 9(a) can also be viewed as an example of a Dubuc-
Deslauriers subdivision scheme with n = 1. Figure 9(b)
shows the result applying Dubuc-Deslauriers with n = 2
after the subdivision iteration has converged. It is clearly
smoother than Figure 9(a) but not as smooth as the de
Rham-Chaikin corner-cutting subdivision shown in Fig-
ure 9(c).

The next example increases the resolution of an im-
age through subdivision. Figure 10(a) shows the original
image with a subsampled version shown in Figure 10(b).
We now apply subdivision to the subsampled version

(a) original image (b) subsampled image

(b) interpolatory subdivision (c) corner-cutting subdivision

Figure 10: Smoothing an image



in an effort to recover the original. Figure 10(c) and
(d) show the results of using the interpolatory Dubuc-
Deslauriers scheme with n = 2 and the corner-cutting de
Rham-Chaikin subdivision schemes, respectively. Printer
resolution hides the effect, so Figure 11 shows detail from
the same images. It is left to the reader to decide which
one of the two schemes provide the more acceptable re-
sults.

(a) original image (b) subsampled image

(b) interpolatory subdivision (c) corner-cutting subdivision

Figure 11: Smoothing an image (detail)

5. Conclusions
In this paper a brief overview of subdivision schemes for
curves was given. The difference between interpolatory
and corner-cutting schemes was explained and our nu-
merical examples show that corner-cutting schemes pro-
vide a fast way of filtering out noise in the original con-
trol points. This is particularly useful but not limited to
computer graphics applications.
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