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Abstract
Suppose one wants to model a dynamic process that is contam-
inated by noise, i.e. one seeks the state of the process given
some noisy measurements. From a Bayesian point of view, the
aim is to find the joint probabilistic density function (pdf) of
the state and measurement vector; a complete solution for the
problem. Conceptually this problem can be solved by the re-
cursive Bayes filter. If the relevant pdfs are Gaussian and the
processes are linear, this conceptual solution is the Kalman fil-
ter. However, for more general cases, e.g. the case when pro-
cesses are non-linear and the pdfs are multi-modal, the exact
solution is intractable due to insolvable integrals. Monte Carlo
methods provide a numerical solution for these intractable in-
tegrals. The Monte Carlo approximation of the recursive Bayes
filter is known as the particle filter.

The concepts presented here have been extensively invest-
igated in the literature. Our aim is to provide a concise summary
of the theory of particle filters, together with an application in
tracking and references for further reading.

1. Introduction
Suppose one wants to model a dynamic process that is contam-
inated by noise, for example tracking an object through an im-
age sequence. The process is usually described by a state vector
at time t denoted by xt ! Rnx . Furthermore, suppose the state
vector xt is not observed directly, but is known through some
noisy measurements zt ! Rnz and knowledge of the dynamic
evolution of the system. Using all the available information,
i.e., all measurements and knowledge of the dynamic process,
the aim is to find the best possible estimate for the state xt.

In particular, we assume that the states evolve according to

xt = f t!1 (xt!1, vt!1) (1)

where f t!1 is a known, possibly non-linear function and vt!1

is the process noise. The target state is related to the measure-
ments via the measurement equation

zt = gt (xt, wt) (2)

where gt is again a known, possibly non-linear function and
wt is the measurement noise. The state equation (1) describes
the transitional probability, p (xt|xt!1), whereas the likelihood
p (zt|xt) is depicted by the measurement equation (2).

A special case is the linear Gaussian dynamic system when
equations (1) and (2) reduce to

xt = Ft!1xt!1 + vt!1 (3)
zt = Gtxt + wt, (4)

with vt!1 and wt Gaussian distributed random variables. The
exact solution to equations (3) and (4) is given by the Kalman

filter [1]. In this case Ft!1 is called the state transition matrix
and Gt the measurement matrix.

The stochastic filtering problem described by Equations (1)
and (2) can also be depicted as a Bayesian network, illustrated in
Figure 1. Here we clearly see that the current state xt depends
on the previous state xt!1 and the measurement at time t, zt,
depends on the state xt, but is independent of the measurements
at other time steps. This is consistent with equations (1) and (2).

· · · · · ·xt!1 xt xt+1

zt!1 zt zt+1

f t!1 f t

gt!1 gt gt+1

Figure 1: Graphical model of stochastic filtering

The aim of stochastic filtering is thus to find the pdf
p (xt|zt) that is a complete solution for the problem. However,
this is often intractable since typically p (xt|zt) is a density
function and not a point estimate. Nevertheless, it is instruct-
ive to understand the exact conceptual solution. Here we use
the conceptual solution (discussed in Section 2.1) as a starting
point in the development of the ideas underlying a Monte Carlo
approximation to the problem: the particle filter (presented in
Section 2.3). En route we present the Kalman filter as the exact
solution to the special case described by Equations (3) and (4) in
Section 2.2 and review Monte Carlo methods in Section 2.3.1.
Algorithmic issues are discussed in Section 3, followed by an
example in Section 4.

The concepts presented here have been extensively investig-
ated in the literature. The goal of this paper is to provide a con-
cise summary of the theory of particle filters, together with an
application in tracking to aid in the understanding of the topic.
We also provide references for further investigation.

2. Recursive Bayes Filter
In this section we discuss the conceptual solution to the
stochastic filtering problem described by Equations (1) and (2)
[2, 3], the Kalman filter as the exact solution of a special case
and the particle filter as a numerical approximation.
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2.1. The conceptual solution

We use the notation x0:t to denote the set of states, up to and
including the state at time t, i.e., x0:t ! {x0, x1, . . . , xt}.
(An alternative notation used in the literature is Xt !
{x0, x1, . . . , xt}, for example in [4] and [5].)

Implicit in the model described above, are the assump-
tions that the states follow a first order Markov process, that
is p (xt|x0:t!1) = p (xt|xt!1), and that the measurements are
independent of each other.

The goal in solving the stochastic filtering [6] problem in
a Bayesian framework, is finding the posterior pdf of the states
given the measurements, p (xt|z0:t). This posterior pdf con-
tains all the information about the hidden states and can thus be
used to find estimates of the state. The recursive Bayesian filter
provides a formal way to propagate the posterior pdfs over time
if an initial condition is assumed.

In order to see how the recursive Bayesian filter operates,
let us consider the posterior pdf p (xt|z0:t) at time t. Using
Bayes’ rule1, we obtain

p (xt|z0:t) =
p (z0:t|xt) p (xt)

p (z0:t)
.

By first using the definition of z0:t, followed by the product
rule2 and another application of Bayes’ rule, we have

p (xt|z0:t) =
p (zt, z0:t!1|xt) p (xt)

p (zt, z0:t!1)

=
p (zt|z0:t!1, xt) p (z0:t!1|xt) p (xt)

p (zt|z0:t!1) p (z0:t!1)

=
p (zt|z0:t!1, xt) p (xt|z0:t!1) p (z0:t!1) p (xt)

p (zt|z0:t!1) p (z0:t!1) p (xt)
.

Cancelling terms and using the initial assumptions of independ-
ence, we obtain a recursive formula for the posterior pdf,

p (xt|z0:t) =
p (zt|xt) p (xt|z0:t!1)

p (zt|z0:t!1)
. (5)

Note that, even though we have assumed zt to be independent
of z0:t!1, we leave the denominator as p (zt|z0:t!1). This is
purely to make the following derivations easier.

The recursive formula for the posterior pdf (5) consists
of the prior p (xt|z0:t!1), the likelihood p (zt|xt) and the
model evidence p (zt|z0:t!1). Using the state transition pdf
p (xt|xt!1), the posterior at time t " 1, p (xt!1|z0:t!1), and
marginalising3 over xt!1 the prior is written as

p (xt|z0:t!1) =

Z
p (xt|xt!1) p (xt!1|z0:t!1) dxt!1. (6)

The likelihood p (zt|xt) is the probability of the measurement
given the current state, i.e., how likely the measurement zt is.
The evidence normalises the pdf and is therefore calculated as

p (zt|z0:t!1) =

Z
p (zt|xt) p (xt|z0:t!1) dxt. (7)

Using the posterior pdf at time t, it is possible to calculate
several estimates for the state. One such estimate is the condi-
tional mean

xj|k ! E[xj |z0:k] =

Z
xj · p (xj |z0:k) dxj ; (8)

1Bayes’ rule: P (A|B) = P (B|A)P (A)
P (B) .

2Product rule: P (A, B) = P (A|B) P (B).
3Also known as the Chapman-Kolmogorov equation.

another is the conditional variance

Pj|k ! E
h`

xj " xj|k
´ `

xj " xj|k
´T |z0:k

i
. (9)

In all the cases we will consider, j " k.
The recursive Bayesian filter is seldom implemented be-

cause the analytical solutions of (6) and (7) are intractable.

2.2. The Kalman filter

Thus far we have presented the conceptual solution to the re-
cursive Bayesian filter. In the special case of a linear Gaussian
system, the recursive Bayesian filter reduces to the Kalman fil-
ter [1, 7]. Here we present the Kalman filter, as viewed from
the recursive Bayes point [2, 3]. Our derivation is similar to
Chen [8].

The Kalman filter operates in two steps (this can also be
said for the recursive Bayes filter). In the first step, we calculate
the likelihood p (zt|xt) and prior p (xt|z0:t!1) without seeing
the measurement zt. We will refer to this step, as the time up-
date. In the second step, the measurement update (5) is updated
in the light of the new measurement, using the values obtained
during the time update. These two steps are repeated one after
another in order to obtain a recursive formulation.

For the linear Gaussian system, we assume that the process
and measurement models are given by (3) and (4) respectively,
listed again for convenience:

xt = Ft!1xt!1 + vt!1

zt = Gtxt + wt.

We denote a Gaussian distribution with mean m and cov-
ariance C as N (m, C). Using this notation, we assume that
vt # N (0, Qt) and wt # N (0, Rt) and that vt and vt! are
independent for t $= t". Similarly, wt and wt! are assumed to
be independent for t $= t". We also assume that the noise vt

and wt are independent. These assumptions imply that xt and
zt are Gaussian random variables and that they are independent
at different time steps. Since xt is a Gaussian random variable,
it is only necessary to calculate the mean xt|t and the covari-
ance Pt|t to fully describe the pdf of p (xt|z0:t). The reader
is reminded that the mean (first order moment) and covariance
(second order moment) are sufficient statistics for a Gaussian
distribution.

Given our notation, the goal of Kalman filtering is
to propagate xt!1 # N

`
xt!1|t!1, Pt!1|t!1

´
to xt #

N
`
xt|t, Pt|t

´
using all available information. This will be

done in two steps as described above.

2.2.1. Time update

Since p (zt|z0:t!1) in (5) is only a normalising factor, we will
only calculate the statistics for the prior and likelihood.

Consider the likelihood p (zt|xt). The mean is given by

zt ! E [zt|xt]

= E [Gtxt + wt|xt]

= GtE [xt|xt]

= Gtxt. (10)

For the covariance we have that

E
h
(zt " zt) (zt " zt)

T |xt

i
= Rt. (11)
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The second term to consider in (5) is p (xt|z0:t!1). The
mean can be shown to be

xt|t!1 = E [xt|z0:t!1]

= E
ˆ
Ftxt!1|t!1 + vt!1|z0:t!1

˜

= FtE [xt!1|z0:t!1] + E [vt!1|z0:t]

= Ftxt!1|t!1. (12)

To derive the covariance, we first consider the state prediction
error ext|t!1. This is given by

ext|t!1 = xt " xt|t!1

= Ftxt!1 + vt!1 " Ftxt!1|t!1

= Ftext!1|t!1 + vt!1. (13)

Now the covariance can be calculated as

Pt|t!1 = E
h

ext|t!1

`
ext|t!1

´T
i

= E
h`

Ftext!1|t!1 + vt!1

´ `
Ftext!1|t!1 + vt!1

´T
i

= FtE
h

ext!1|t!1

`
ext!1|t!1

´T
i
F T

t + E
h
vt!1v

T
t!1

i

= FtPt!1|t!1F
T
t + Qt. (14)

So far we have updated (5) without a new measurement.
Now we observe zt and use it to adjust the pdf p (xt|z0:t!1) to
p (xt|z0:t). This is discussed next.

2.2.2. Measurement update

From the information calculated in the time step, we have

p (xt|z0:t) % p (zt|xt) p (xt|z0:t!1)

= N (Gtxt, Rt)N
`
xt|t!1, Pt|t!1

´
. (15)

Our goal is to find the sufficient statistics, i.e., the mean and the
covariance of (15). The mean of a Gaussian pdf is equivalent
to the value that maximises the underlying exponential. This is
the same value where all the derivatives of (15) vanish. Thus

! log p (xt|z0:t)
!xt

= 0 (16)

when xt = xt|t. Solving (16) gives

xt|t = xt|t!1 + Kt

`
zt "Gtxt|t!1

´
(17)

where

Kt = FtPt|t!1G
T
t

“
GtPt|t!1G

T
t + Rt

”!1
. (18)

In order to calculate the covariance, we again consider the
state prediction error,

ext|t = xt " xt|t

= xt " xt|t!1 "Kt

`
zt "Gtxt|t!1

´

= ext|t!1 "Kt

`
Gtxt + wt "Gtxt|t!1

´

= ext|t!1 "Kt

`
Gtext|t!1 + wt

´

= (I "KtGt) ext|t!1 "Ktwt. (19)

Now we have that

Pt|t = E
h

ext|t
`

ext|t
´T

i

= (I "KtGt) Pt|t!1 (I "KtGt)
T + KtQtK

T
t . (20)

Pt|t is in the Joseph norm, (20) can be rewritten to other forms
used elsewhere in the Kalman filter literature.

In summary, during the time update we propagate the pdf
p (xt!1|z0:t!1) to p (xt|z0:t!1) using (12) and (14). Then a
new measurement becomes available. By using (17), (18) and
(20) we propagate the pdf p (xt|z0:t!1) to p (xt|z0:t).

2.3. The Particle Filter

As we discussed in Section 2.1, exact inference in the Bayesian
filter is not in general possible due to the intractable integrals. In
general, p (xt|z0:t) could be multivariate, multi-modal or even
non-standard, in these cases one has to resort to Monte Carlo
techniques to approximate the integrals. Hence we proceed
providing an overview of Monte Carlo (MC) methods. They
form the cornerstone for the numerical approximations of the
recursive Bayesian filter. Thereafter we apply the MC tech-
niques to the recursive Bayesian filter resulting in Sequential
Importance Sampling (SIS) [9, 4, 5], also known as the particle
filter.

2.3.1. Monte Carlo Methods

Loosely following the notation of Bishop [10], we provide an
overview of Monte Carlo (MC) methods.

In the MC framework, we wish to estimate the expected
value of a function f (x) with pdf p (x),

E [f ] =

Z
f (x) p (x) dx. (21)

We assume that N independent samples x(i), with i = 1, . . . N ,
drawn from p (x) are available. Then the expectation in (21) is
approximated by

f̂ =
1
N

NX

i=1

f
“
x(i)

”
, (22)

that is by the empirical mean of the samples under the function
f .

The MC techniques suffer from several problems. Amongst
others, it may difficult or impossible to sample from p; in this
case one can use importance sampling. The idea behind im-
portance sampling is to use a proposal density function q (x)
that is easy to sample from, instead of p (x). The support of the
proposal pdf should be the same as p (x), i.e.,

p (x) > 0 =& q (x) > 0. (23)

Now we sample N independent samples from q (x). We
can write the expectation in (21) as

E [f ] =

Z
f (x) p (x) dx

=

Z
f (x)

p (x)
q (x)

q (x) dx

' 1
N

NX

l=1

p
“
x(i)

”

q (x(i))
f

“
x(i)

”
. (24)

The importance sampling estimate in (24) is similar to the
MC estimate (22). The only difference is the additional factor,
p(x(i))
q(x(i))

that corrects the bias since we are not sampling from
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p (x); we define this as the importance weights

w(i) !
p

“
x(i)

”

q (x(i))
. (25)

Suppose further that p can only be evaluated up to a norm-
alising constant, such that

p (x) =
ep(x)
Zp

,

where ep can be easily evaluated and Zp is the normalising con-
stant. Similarly, we assume that q can be evaluated up to a nor-
malising constant Zq where eq can be easily evaluated,

q (x) =
eq(x)
Zq

.

Then we calculate the MC estimate as

E [f ] =

Z
f (x) p (x) dx

=
Zq

Zp

Z
f (x)

ep (x)
eq (x)

q (x) dx

' Zq

Zp

1
N

NX

i=1

ew(i)f
“
x(i)

”
(26)

where ew(i) =
ep(x(i))
eq(x(i))

.

We proceed by calculating the MC estimate for the normal-
ising factor as

Zp

Zq
=

1
Zq

Z
ep (x) dx

=

Z
ep (x)
eq (x)

q (x) dx

' 1
N

NX

i=1

ew(i), (27)

and hence the weights are given by

w(i) =
ew(i)

1
N

PN
m=1 ew(m)

. (28)

This result should be emphasised. Equation (27) tells us that
if p and q can only be evaluated up to a normalising constant,
we can find an approximation for this constant by normalising
the importance weights. We will use this fact to simplify the
equations when we derive the particle filter.

2.3.2. Sequential Importance Sampling (SIS)

At this point we have introduced all the numerical techniques
that is used to approximate the recursive Bayesian filter. The
fundamental idea of particle filtering is to approximate the pdf
p (xt|z0:t) by a weighted sample set St. Thus, suppose N

samples x(i)
t from the pdf p (xt|z0:t) are available, with a

weight w(i)
t associated with each sample x(i)

t normalised such
that

PN
i=1 w(i)

t = 1. Using (21) and (24) we have that

p (xt|z0:t) '
NX

i=1

w(i)
t "

“
xt " x(i)

t

”
. (29)

To derive the recursive formulation, using a notation similar
to Ristic et al. [5], we begin by solving a more general problem
approximating the pdf p (x0:t|z0:t). We assume that N samples
x(i)

0:t!1 with associated weights w(i)
t!1 are available approximat-

ing the posterior p (x0:t!1|z0:t!1). Using Bayes rule, we write
the posterior at time t as

p (x0:t|z0:t) =
p (z0:t|x0:t) p (x0:t)

p (z0:t)
. (30)

Consider the likelihood. Using standard rules of probability we
have that

p (z0:t|x0:t) = p (zt|x0:t, z0:t!1) p (z0:t!1|x0:t)

= p (zt|x0:t, z0:t!1)
p (x0:t|z0:t!1) p (z0:t!1)

p (x0:t)
. (31)

Substituting (31) in (30) yields

p (x0:t|z0:t) =
p (zt|x0:t, z0:t!1) p (x0:t|z0:t!1)

p (zt|z0:t!1)

=
p (zt|xt) p (xt|xt!1)

p (zt|z0:t!1)
p (x0:t!1|z0:t!1)

% p (zt|xt) p (xt|xt!1) p (x0:t!1|z0:t!1) . (32)

Since we use importance sampling, the importance weights
in (25) are

w(i)
t %

p
“
x(i)

0:t|z0:t

”

q
“
x(i)

0:t|z0:t

” . (33)

Here we make use of the fact that we can calculate the import-
ance weights only up to a normalising factor and by normalising
them, we get an MC approximation for the normalising factor.

We assume that the proposal density factorises as

q (x0:t|z0:t) = q (xt|x0:t!1, z0:t) q (x0:t!1|z0:t!1) . (34)

By substituting (32) and (34) in (33), we obtain

w(i)
t %

p
“
x(i)

0:t|z0:t

”

q
“
x(i)

0:t|z0:t

”

%
p

“
zt|x(i)

t

”
p

“
x(i)

t |x(i)
t!1

”
p

“
x(i)

0:t!1|z0:t!1

”

q
“
x(i)

t |x(i)
0:t!1, z0:t

”
q

“
x(i)

0:t!1|z0:t!1

”

= w(i)
t!1

p
“
zt|x(i)

t

”
p

“
x(i)

t |x(i)
t!1

”

q
“
x(i)

t |x(i)
0:t!1, z0:t

” (35)

We make one further assumption that
q

“
x(i)

t |x(i)
0:t!1, z0:t

”
= q

“
x(i)

t |x(i)
t!1, zt

”
, and hence

the importance weights are given by

w(i)
t % w(i)

t!1

p
“
zt|x(i)

t

”
p

“
x(i)

t |x(i)
t!1

”

q
“
x(i)

t |x(i)
t!1, zt

” . (36)

The resulting algorithm is summarised in Figure (2).
A common simplification often used is to choose

the proposal density q as the transitional density, i.e.,
q

“
x(i)

t |x(i)
t!1, zt

”
= p

“
x(i)

t |x(i)
t!1

”
. Then the importance

weights simplify to

w(i)
t % w(i)

t!1p
“
zt|x(i)

t

”
. (37)
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• Input: Samples x(i)
t!1 with weights w(i)

t!1, i =
1, . . . , N . Measurement zt.

• FOR i = 1 : N

– Sample x(i)
t from q

“
x(i)

t |x(i)
t!1, zt

”
.

– Evaluate the importance weights using (36).

• END FOR

• Normalise weights using (28).

Figure 2: Sequential Importance Sampling

3. Algorithmic issues
When the algorithm in Figure 2 is implemented, many times
all but one of the weights become zero. The result is that the
algorithm performs badly in practice.

Doucet et al. [11] proved that when the proposal density q
is written as in (34), the variance of the weights increases over
time, resulting in unavoidable degeneracy. A measure of the
degeneracy phenomenon is the effective sampling size

bNeff =
1

PN
i=1

“
w(i)

t

”2 . (38)

Note that bNeff = 1 when all but one weight is zero; bNeff = N
if the weights are uniform.

A remedy to the problem is resampling: Whenever the ef-
fective sampling size falls below a certain threshold Nthr , a new
set of particles is sampled from the current set, each sample pro-
portional to its weight, i.e., a new sample x(i)#

t is chosen such
that

P
n

x(i)#
t = x(j)

t

o
= w(j)

t . (39)

Several resampling methods exist. One can implement res-
ampling directly obeying (39); other alternatives include sys-
tematic resampling [12] and residue sampling [13]. Embedding
resampling in SIS yields Sequential Importance Resampling
(SIR). The algorithm is given in Figure 3.

• Input: Samples x(i)
t with weights w(i)

t obtained
from SIS[ x(i)

t!1, w(i)
t!1, zt ].

• Calculate bNeff using (38).

• IF bNeff < Nthr

– Resample such that (39) holds. Any tech-
nique can be used.

• END IF

Figure 3: Sequential Importance Sampling

4. An example in tracking
A wide variety of computer vision applications rely on accurate
object tracking. For example, video surveillance, traffic mon-
itoring, image sequence (e.g. facial expression) analysis and

human-computer interfaces all require tracking as a core com-
ponent. Particle filters are suited for tracking since they can
handle multi-modal and non-linear systems. In this example,
we consider the simpler case of tracking an object’s position in
an image [14, 15], rather than the complete outline of the object
[4]. Tracking only the position of an object, is also known as
blob tracking. Our example follows a discussion similar to the
blob tracker implemented by Fleck and Straßer [16].

Using a particle filter for object tracking, requires the spe-
cification of the state vector x(i)

t for each particle, the trans-
itional density and the measurement likelihood. Furthermore,
the proposal density is chosen as the transitional density lead-
ing to the simpler weight update (37).

Since only the object’s centre is tracked, the state vector
merely consists of the x" y position as well as the correspond-
ing velocities (ẋ, ẏ). Hence the state vector at time t is

x(i)
t =

h
x(i), y(i), ẋ(i), ẏ(i)

iT
. (40)

Note that each particle i has an x"y position and corresponding
velocity.

The transitional density predicts the movement of the ob-
ject from one frame to the next. Not much is known about the
movement and therefore a constant velocity model

xt = Axt!1 + vt!1 (41)

is assumed. Here vt!1 is zero-mean Gaussian noise with vari-
ance #2

v . The noise term captures the uncertainty of the moving
object. A can be experimentally specified or calculated by a
training procedure [17].

Before we can describe the likelihood, it is necessary to
discuss the representation of the object being tracked. For blob
tracking, the object in question is represented by the histogram
of the colour pixels. The pixels around the point

“
x(i), y(i)

”

are sampled at a given time step t in the HSV space. Next the
corresponding histograms h(i)

HS (b) and h(i)
V (b) are calculated.

Here b is a variable over the bin numbers. The histograms h(i)
HS

and h(i)
V are then combined into a single histogram h(i)

t (b) us-
ing alpha blending. The latter histogram is compared with the
histogram h0 (b) of the object calculated at the beginning of the
tracking procedure using

$
h
h(i)

t (b) , h0 (b)
i

=
X

b

q
h(i)

t (b) h0 (b). (42)

Now we calculate the Bhatthacharyya distance

d(i)
t =

r
1" $

h
h(i)

t (b) , h0 (b)
i

(43)

between the two histograms. The measurement likelihood is
finally given by

w(i)
t = exp

0

B@"

“
d(i)

t

”2

2#2

1

CA . (44)

From the likelihood we see that if x(i)
t is close to the object

being tracked in the image, the similarity value will be large.
Therefore d(i)

t will be small and the corresponding weight w(i)
t

will be larger than if x(i)
t is far away from the object being

tracked.
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5. Conclusions
We discussed the estimation of a process state if only noisy
measurements are seen. The recursive Bayesian filter provides
a solution to this problem. However, this is seldom implemen-
ted due to intractable integrals. In the special case of a linear
Gaussian system, the Kalman filter though is the exact solution
to the problem, i.e., the recursive Bayesian filter reduces to the
Kalman filter. Otherwise one has to use numerical approxim-
ations; when Monte Carlo methods are used the result is the
particle filter. We demonstrated using the particle filter through
a common problem in computer vision.
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[15] P. Pérez, C. Hue, J. Vermaak, and M. Gangnet, “Color-
based probabilistic tracking,” in ECCV ’02: Proceedings
of the 7th European Conference on Computer Vision-Part
I. London, UK: Springer-Verlag, 2002, pp. 661–675.

[16] S. Fleck and W. Straßer, “Adaptive probabilistic tracking
embedded in a smart camera,” in IEEE Embedded Com-
puter Vision Workshop (ECVW) in conjunction with IEEE
CVPR 2005, vol. 3, 2005, p. 134.

[17] A. Blake and M. Isard, Active contours. Springer-Verlag,
London, 1998.

38


