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Abstract—We present a new variational level set formulation. 
The Chan-Vese formulation attempts to penalise variations from 
the mean in a region. In this work, regions are characterised by a 
generalised Gaussian distribution, not only their mean values, 
thereby not penalising legitimate intra-region intensity variation. 
The energy function is minimised using a system of PDEs 
obtained using the Euler-Lagrange equations. Furthermore the 
algorithm merges neighbouring level sets that are similar and 
seeds new level sets in unclassified regions if the level evolution 
stagnates. 

Experiments conducted on synthetic images have produced 
promising results. 

Keywords-image segmentation, image classification, variational 
level set methods 

I.  INTRODUCTION  

A. Background 

Image segmentation involves separating an image into 
homogenous regions that ideally represent separate objects or 
phenomena. This process is concerned with partitioning the 
image into homogenous regions [1]. Image segmentation 
techniques are typically either based on growing regions or 
detecting the boundaries between regions. Region growing 
techniques group pixels in close proximity together on the 
basis of common features e.g. grey level intensity, texture etc. 
Boundary detection or edge detection techniques look for 
dissimilarities between features e.g. sharp changes in grey 
level intensity.  

Recently much research has been performed on curve-
evolution based region-growing algorithms. These curves are 
either represented explicitly using active contours or implicitly 
using level set methods. This research is focussed on the 
development of a new variational level set based segmentation 
model which employs statistical characterisations of the grey 
level intensity distributions. 

B. Level Set Methods 

Level set methods describe a technique of implicitly 
representing N-dimensional hypersurfaces as the isocontours 

of (N+1)-dimensional hypersurfaces. In image segmentation 
level sets are used to implicitly represent the segmentation 
boundary around the various elements of the image [2]. The 
problem of moving the contour in 2-D to fit around the 
elements of the image becomes a problem of warping, raising 
and lowering the level set surface in 3-D.  

Level sets hold several advantages over explicit curve 
representations such as active contour models, particularly in 
the ease with which level sets can handle the merging and 
separation of regions [3]. As a result, level sets are powerful 
tools in image segmentation [4]. 

Level sets formulation can be classified as being classical or 
variational. Classical level set formulation evolves the curve 
on the basis of a force function. This force is a function of 
external parameters (such as the characteristics and features of 
the underlying image) and internal parameters (such as the 
local curvature of the interface) [3]. Variational level set 
formulation evolves the curve on the basis of obtaining a 
minimum in a defined energy function. The energy function is 
designed to penalise incorrect segmentation and obtain a 
minimum at the ideal segmentation. 

C. Chan-Vese Formulation  

The Chan-Vese formulation is an example of a variational 
level set formulation [5]. In [5], the following energy 
functional is proposed: 

! =  "# $ |% &  '()|*+,+-() + "* $ |% &  './0|*+,+-./0
+ 1 2 345678{9 = 0}
+ : 2 ;<4;{9 = 0} 

(1) 

where '()  and './0  are the intensity averages inside and 
outside the contour respectively and "# , "* , 1  and :  are 
weighting factors. The data-based terms are the first two 
terms. Essentially these terms penalise the square deviation 
from the average within a region. This method has proven to 
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be exceptionally effective. The length and area terms can be 
tuned to prevent oversegmentation.  

It is clear from (1) that this model penalises any deviation 
from the average within a region. This is a useful way of 
discriminating between objects. However it does not take into 
account the legitimate intensity variation within an object. The 
intra-region intensity variation is penalised in the same way as 
the inter-region intensity variation. In this research, we 
propose using a model that takes into account the legitimate 
intensity variation by modelling it with a generalised 
Gaussian. 

The rest of this paper is organised as follows. In Section II 
some notation is presented. Section III details the 
segmentation model. In Section IV the Merge and Seed 
Algorithm is presented and some preliminary results on 
synthetic images are given in Section V. Section VI details 
some potential areas for future work. 

II. CLASSIFICATION 

A. Partition 

Formally, given regions >? , @ = 1 …A , on the domain > 
encircled by boundaries B?, the level set representation of the 
regions is given by: 

9?(,) > 0   CD , E >?  

9?(,) = 0   CD , E B? 

9?(,) < 0   F784<GCH4 

(2) 

Together, the 9?  form a partitioned classification of the 
entire domain. 

B. Regularisation 

The Dirac distribution and the Heaviside function are 
employed in this model. In order to numerically implement 
these functions they are regularised as: 

IJ(K) =
LM(L* + K*)

 

NO(9) =
1

2
P1 +

2Q arctan
9RS 

(3) 

Clearly as L T 0 , these approximations converge to the 
Dirac distribution and the Heaviside function respectively. 

III. SEGMENTATION MODEL 

In this model, different regions are covered by different level 
sets; this includes the background. 

There are four terms in this model: an expansion term, a 
repulsion term, a data term and a distance regularisation term. 
The expansion term is concerned with growing the regions. 
The repulsion term is concerned with preventing overlap 
between regions. The data term attempts to assign pixels to the 
region to which they belong. The distance regularisation term 

[6] controls the shape of the level set, removing the need for 
reinitialisation. 

A. Expansion term 

The expansion term ensures that, regardless of the level set 
initialisation, every pixel will be contained within a region. In 
this model, this term is a constant. In considering the energy 
functional this term must encourage region growth and thus 
penalise smaller regions, thus: 

!UVWX)Y(.) = &:Z[<4;{9? = 0}

\

?]#
= &:Z$NO  (9?)+,+-\

?]#
 

(4) 

where : is a weighting factor. : can be thought to control the 
speed of the expansion of regions in the absence of other 
considerations. 

B. Repulsion term 

As regions are grown simultaneously it is important to 
prevent them from overlapping. In considering the energy 
functional, clearly this term should penalise overlap which can 
also be considered membership of a pixel to more than one 
region, thus: 

!^UW/_Y(.) = Z`? Z >? a >b
\

b]#,bc?

\

?]#
= Z`? Z $ NO(9?)NO(9b)+,+-d

\

b]#,bc?

\

?]#
 

(5) 

where `  is a weighting factor that controls the speed that 
overlapping regions retreat from each other. This term is based 
on the work done in [7]. This parameter should be set such 
that the repulsion term is not outweighed by the expansion 
term, in other words, the force growing the regions should not 
be so large as to cause them to overlap. 

C. Data term 

The data term considers the question of which region each 
pixel should be assigned to. In this work, this is done solely on 
the consideration of grey-level intensity. The maximum 
likelihood estimator is used to formulate the data term. This 
approached is inspired by the work done in [1]. 

 The intensity values in each level set are profiled and a 
generalised Gaussian distribution is fitted to the values. The 
pdf of a generalised Gaussian is given by: 

e(,|f,g, 1) =
g

2fBP1gS
4hP|Vhi|j Sk

 
(6) 
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where B(2) is the gamma function. The parameters controlling 
the generalised Gaussian are f, g, and 1. See Section III.F for 
details on the calculation of these parameters. 

The maximum likelihood estimator is maximised when the 
probability of a pixel belonging to a distribution is high. We 
require that the energy term be minimised at this point. Taking 
the negative log-likelihood that pixel %(,,-) belongs to class l3? (i.e. !"#$ %&'&(#!#')$ *"&'&*!#'+)+,-$ '#-+.,$/k) instead we 
obtain: 

&ln (e(l3?|%(,, -))
=  & ln(g) + ln(2) + ln(f)

+ lnmn P1gSo + p|%(,,-) & 1|f qr 

(7) 

Using this expression, we define the data term for the entire 
image and all regions: 

!sX0X = &ln (e(l3|%)

=  Z$ & ln(g?) + ln(2) + ln(f?)dt

\

?]#
+ lnmn P 1g?So + p|%(,, -) & 1?|f? qrt +,+- 

(8) 

By defining: 

u?(,, -) = & ln(g?) + ln(2) + ln(f?) + lnmn P 1g?So
+ p|%(,,-) & 1?|f? qrt 

(9) 

 (8) can be expressed as: 

 

!sX0X =  Z4? $ NO(9?)u?(,, -)+,+-d
\

?]#
 

(10) 

where !"  is a weighting factor. !"  can be thought of as the 
tolerance of the data term to include pixels that do not fit in 
with the fitted distribution of that region. 

D. Distance regularisation term. 

Traditionally, the #"  are initialised as signed distance 
functions and for numerical stability, it is important that, 
throughout the evolution, the #"  remain (or at least 
approximate) signed distance functions. Due to the warping of 
the #" by the evolution equation (given later in (13)), the #" 
do not remain signed distance functions and thus need to be 
reinitialised periodically. The reinitialisation procedure 
introduces several problems which are detailed in [8] and [9]. 

In [6], distance regularised level set evolution (DRLSE) is 
proposed. In this scheme, an energy term is added to the 
energy functional which maintains a gradient magnitude of 

close to 1 around the zero level set and close to 0 away from 
the zero level set. This scheme removes the need for 
reinitialisation. See [6] for full details on the implementation 
of this scheme. 

The energy term added is of the form 

$%&'() = * + , -(.#)/0/12  
(11) 

-(+) is a function that is minimised at the value(s) of .# that  
are desired. In this case, the gradient is close to 1 near the zero 
contour and close to 0 away from the zero contour, hence 

  
 

-(3) =  4 1

(25)6 (1 7 cos(253) ) 3 8 1

1

2
(3 7 1)6                       3 > 1

9 (12) 

 

The entire energy functional is thus given by $ =  $:;<=>?@A> + $B:<CD?@A> + $E=F= + $%&'()
= 7GH,IJ(#)/0/1K

"LM
+ HN" H , IJ(#")IJ(#O)/0/12

K
OLM,OP"

K
"LM

+ H!" , IJ(#")Q"(0, 1)/0/12
K

"LM
+ * + H, -(.#")/0/12

K
"LM  

(13) 

E. Dynamic Scheme  $  can be minimised with respect to #"  using the Euler-
Lagrange equation for #" . Introducing the artificial time 
parameter R, the following PDE system is obtained: 

S#"SR = T(#")UG 7  N" H IJ(#O)

K
OLM,OP" 7 !"Q"V

+ /WX(/<(.#").#") 

where 

/<(3) =
-Y(3)3  

 

(14) 

Hence by discretising this system in time: 
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#"FZM = #"F + [R + UT(#")UG 7  N" H IJ(#O)

K
OLM,OP"7 !"Q"V + /WX(/<(.#").#")V 

(15) 

#" are thus evolved according to (15).  

F. Computation of generalised Gaussian parameters 

The use of the generalised Gaussian model in the data term 
requires the calculation of \", ]" and *". *" is the mean and \" is related to the variance ^6 through: 

\"6 = ^6 _ `3]a_ `1]a 

(16) 

The mean and variance are taken from the sample mean and 
sample variance. ]" can be calculated using: 

]" = bcM d*"6^6 e  
(17) 

where b(0) =
fghgijfhkijfhlij . bcM(m)  is obtained numerically. The 

details of the derivation of this equation are omitted but a 
further discussion can be found in [10] and a similar 
derivation can be found in [1].  

IV. MERGE AND SEED ALGORITHM 

The implemented algorithm made no attempt to intelligently 
seed the initially level sets; rather the initial positions of the 
level sets were random. As a result it is possible for multiple 
level sets to grow and segment one legitimate region and for 
no level sets to grow in another region. As a result, there is a 
need to merge level sets that oversegment a region and there is 
a need to seed new level sets in regions where there are none. 

When the level sets have stopped evolving, the merging 
algorithm and the seeding algorithm are initiated. In the 
merging algorithm, neighbouring level sets are compared in 
terms of the mean and average within their interiors and if 
they are sufficiently similar, the two level sets are combined. 
In the seeding algorithm, the partition is searched for 
unclassified regions of a minimum size and if any are found, a 
level set is seeded in that unclassified region. 

V. RESULTS 

The above algorithms were implemented and tested against 
various synthetic test images. The results are shown in Figures 
1, 2, 3 and 4. The results are generally good and the behaviour 
of the algorithm is as expected. The conditions of the 
experiment are given below. 

A. Choice of parameters 

Initialisation: The level sets are initialised to circles 
randomly positioned around the image. The initial position 
and number of level sets is not required as level sets can be 
created and merged should there be the need to do so (see 
Section IV). 

Parameter setting: In the experiments, n = 4 , [R = 1 , G = 7 , NM = o = NK = 7 , !M = o = !K = 0.8 . After 400 
iterations the weighting parameters are changed to G =
9 , NM = o = NK = 8.5 , !M = o = !K = 0.7 . After 700 
iterations the weighting parameters are changed to G =
10 , NM = o = NK = 9 , !M = o = !K = 0.56 . The gradual 
increase in G speeds up the evolution to cover all parts of the 
image; this is matched somewhat by a decrease in N" to 
prevent overlapping.  

Reinitialisation: The reinitialisation algorithm is executed 
after 10 iterations of level set evolution and it is iterated 40 
times. [p = 1. 

B. Experimental Results 

The following results show the efficacy of this algorithm on 
synthetic images. All image intensity values are normalised to 
1: 

 Experiment 1: This experiment shows the basic functioning 
of the algorithm. Zero-mean Gaussian noise with a variance of 
0.2 is added to the image. Good segmentation has been 
obtained. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 1 (a) Initial segmentation. Segmentation result after 
(b) 80 iterations (c) 200 iterations (d) 320 iterations (e) 360 
iterations (f) 520 iterations. (g), (h) and (i) show the 
classification regions individually. 

Experiment 2: The segmentation starts with 4 level sets in an 
image that only requires 3 level sets in order to demonstrate 
the ability of the algorithm to merge level sets if they are 
oversegmenting one region. Two regions combine between (c) 
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and (d). A level set is seeded in the triangle between (d) and 
(e). Zero-mean Gaussian noise with a variance of 0.2 is added 
to the image. Good segmentation has been obtained. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 2 (a) Initial segmentation. Segmentation result after 
(b) 120 iterations (c) 400 iterations (d) 640 iterations (e) 
760 iterations (f) 880 iterations. 

Experiment 3: This experiment shows the ability of the 
algorithm to deal with objects that have small intensity 
differences. The lighter colour has a normalised intensity of 
0.68 and the darker colour has a normalised intensity of 0.5. 
Zero-mean Gaussian noise with a variance of 0.02 is added to 
the image. Good segmentation has been obtained. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 3 (a) Initial segmentation. Segmentation result after 
(b) 120 iterations (c) 200 iterations (d) 360 iterations (e) 
440 iterations (f) 480 iterations (g) 600 iterations (h) 680 
iterations and (i) 960 iterations.  

Experiment 4: This experiment shows the ability of the 
algorithm to handle real-world images. Good, albeit imperfect, 
segmentation has been obtained. As Figure 4 shows, the 
shadow inside the jug and the reflection are both omitted as 

part of the jug, while a small part of the shadow is included as 
part of the jug. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

 
(i) 

Figure 4 (a) Initial segmentation. Segmentation result after 
(b) 20 iterations (c) 50 iterations (d) 80 iterations (e) 100 
iterations (f) 130 iterations and (g) 210 iterations. (h) and 
(i) show the classification regions individually. 

VI. CONCLUSION AND FUTURE WORK 

We have presented a new variational level formulation. The 
algorithm attempts to include pixels in level sets only if they 
statistically fit in with the pixels already in the level set. 
Furthermore, sufficiently similar neighbouring regions are 
merged into one level set and new level sets are seeded where 
the evolution has stopped and left unclassified regions in the 
image. The results on synthetic images are promising. 

At this stage, if a level set contains roughly equal 
proportions of two different regions, it is unable to model its 
intensity values with only one generalised Gaussian. As a 
result, the level set stays approximately unchanged. This has 
not caused too many problems as another level set invariably 
attempts to claim one of the two regions, shifting it into the 
other region from which point it evolves as expected. 
However this model would be more robust if it could take this 
scenario into account more accurately. 

Furthermore, the algorithm is exceptionally slow and it takes 
several minutes to segment an image. Thus certain 
optimisations and approximations are necessary. 
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